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Introduction 

The problems considered in this paper come as a natural continuation of our program to develop 
a free analogue of Sz.-Nagy-Foia§ theory, for row contractions. An n-tuple (T±, . . . , T n ) of operators 
acting on a Hilbert space is called row contraction if 

T\T* + ■■■+ T n T* < I. 

In this study, the role of the unilateral shift is played by the left creation operators on the full Fock 
space with n generators, F 2 (H n ), and the Hardy algebra 7J°°(D) is replaced by the noncommutativc 
analytic Toeplitz algebra F£° . 

The algebra F£° and its norm closed version, the noncommutative disc algebra A n , were introduced 
by the author |47| in connection with a multivariable noncommutative von Neumann inequality. 
is the algebra of left multipliers of F 2 {H n ) and can be identified with the weakly closed (or w* -closed) 
algebra generated by the left creation operators Si, . . . , S n acting on F 2 (H n ), and the identity. The 
noncommutative disc algebra A n is the norm closed algebra generated by Si, . . . , S n , and the iden- 
tity. When n = 1, F^° can be identified with iJ°°(B), the algebra of bounded analytic functions 
on the open unit disc. The algebra F£° can be viewed as a multivariable noncommutative ana- 
logue of H°°(U)). There are many analogies with the invariant subspaces of the unilateral shift on 
iJ 2 (B), inner-outer factorizations, analytic operators, Toeplitz operators, H°° (B)-functional calculus, 
bounded (resp. spectral) interpolation, etc. The noncommutative analytic Toeplitz algebra F£° has 
been studied in several papers g5], gjj], gEl, gS], USD, E2, H, and recently in [To]. [Tft|. |T7). 
PU, QH, gUj, and PH3- 
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In [521, 0i 0! HU, |Q|, ISH an d @0|, a good case is made that the appropriate multivariable 
commutative analogue of H°°(H) is the algebra W£° := P F 2^ Hn ^F^°\p2^ Hn ^, the compression of F£° 
to the symmetric Fock space F^(H n ) C F 2 (H n ), which was also proved to be the u>*-closed algebra 
generated by the operators Bi := P F 2^ H ^Si\ F 2(jj n ), i = 1, • • • ,n, and the identity. The multivariable 
commutative disc algebra A c n is the norm closed algebra generated by the creation operators B\ , . . . , B n 
acting on the symmetric Fock space, and the identity. Arveson showed in [5] that the algebra W£° 
can be seen as the multiplier algebra of the reproducing kernel Hilbert space with reproducing kernel 
K n : B„ xB„^C defined by 

K n {z,w) 



1 - 



z, w € 



where B„ is the open unit ball of C™. 

In recent years, there has been exciting progress in multivariable operator theory, especially in 
connection with unitary invariants for n-tuples of operators and interpolation in several variables. 
In |45|. we defined the characteristic function of a row contraction (a multi-analytic operator acting 
on Fock spaces) which, as in the classical case |64| . turned out to be a complete unitary invariant 
for completely non-coisomctric row contractions. In 2000, Arveson |Hj introduced and studied the 
curvature and Euler characteristic associated with a row contraction with commuting entries. Non- 
commutative analogues of these numerical invariants were defined and studied by the author |54j and, 
independently, by D. Kribs Refinements of these unitary invariants were considered in |56j . 

This paper concerns unitary invariants for n-tuples (Ti, . . . ,T n ) of (not necessarily commuting) 
bounded linear operators acting on a Hilbert space Ti. First, we introduce a notion of joint numerical 
radius for (T 1; . . . ,T n ) by setting 



w(Ti, ...,T n ) := sup 



Y,( ha > T i h 9i<») 



where the supremum is taken over all families of vectors {h a } a( - ¥ + C Ti with ^ ||^a|| 2 = 1, and F+ 

is the free semigroup with generators gi, ■ ■ ■ ,g n and neutral element go. In Section 1, we work out the 
basic properties of the joint numerical radius and show that it is a natural multivariable generalization 
of the classical numerical radius of a bounded linear operator T, i.e., 

w(T) := sup{| (Th, h)\: h £ Ti, \\h\\ = 1}. 

When n = 1, they coincide. The joint numerical radius turns out to be a norm equivalent to the 
operator norm on B{Ti) (jl \ Characterizations of the unit balls 



{(Ti,...,T n )eB(W) (n) : u»(Ti,...,T n )<l} 



and 



(Ti,...,T n )eB(W) 



(») 



< i 



in terms of certain completely positive maps on operator systems generated by the left creation 
operators Si, ■ ■ ■ , S n on the full Fock space, lead to a multivariable version of Berger's dilation theorem 
(H3) and an appropriate generalization of Berger-Kato-Stampfli mapping theorem ([3], |2S1)j to n- 
tuples of operators. More precisely, we prove that if w(T\, . . . , T n ) < 1 and fi, ■ • ■ , fk ar e in the 
noncommutative disc algebra A n , then 

"' /i ' T t T„ ).... ,f k (Ti, T n )) < || [fi, . . . , M|| + 2 ( J2 \M°)\ 2 ' 

Actually, a matrix- valued version of this inequality is obtained. When n = k = 1, we obtain the clas- 
sical result On the other hand, we provide a multivariable operatorial generalization of Schwarz's 
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lemma. In particular, if || pi, . . . , T n ] |j < 1 and fi,...,fk G -A n with fj(0) = 0, then 

r(fi(Ti, ...,T n ),.. .J k (T u . . . ,T n )) < r(T h . . .,T n )||[/ 1 , . . . ,f k \\, 

where r(-) is the joint spectral radius of a tuple of operators. A similar inequality holds true if we 
replace r(-) by the operator norm. Moreover, if ||[Ti, . . . ,T n ]|| < 1, then A n can be replaced by the 
noncommutative analytic Toeplitz algebra . 

We should add that if Ti, . . . , T n are mutually commuting operators, we find commutative versions 
for all the results of this section. In this case, the noncommutative disc algebra A n (resp. F£°) is 
replaced by its commutative version A„ (resp. W£°). 

In Section 2, we present basic properties of the euclidean operator radius of an n-tuple of operators 
(Ti, . . .,T n ), defined by 

w e {Ti, . . . ,T„) := sup ( \ (Tjh, h)\ 2 
IIMNi \i=i 

in connection with the joint numerical radius and several other operator radii. In general, when n > 2, 
w e (Ti 7 . . . , T n ) < w(T±, . . . , T n ). However, the two notions coincide with the classical numerical radius 
if n = 1. We show that the euclidean operator radius is a norm equivalent to the operator norm and 
the joint numerical radius on B(H)( n \ and provide sharp inequalities. 

In Section 3, we study the joint (spatial) numerical range of (Ti, . . . , T n ), defined by 

W(T u ...,T n ) :={((T 1 h,h),...,(T n h,h)) : h e H, \\h\\ = 1} , 

in connection with the right spectrum a r (T\, . . . , T n ), the joint numerical radius w(T\, . . . , T n ), the 
euclidean operator radius w e (T\, . . . , T n ), and the joint spectral radius r(Ti, . . . , T n ). In particular, we 
show that 




o- r {Tx, . . . ,T„) C W(T 1: ...,T n )C (Cn) We(T ^ iTn) C (C n ) w(Tu ... iTn) , 

where (C n ) r denotes the open unit ball of radius r > 0. If T\, . . . , T n are commuting operators and 
o~(T\, . . . , T„) is the Harte spectrum of (Ti, . . . , T„) with respect to any commutative closed subalgebra 
of B(H) containing Ti, . . . , T„, and the identity, then we deduce that 

<7(Ti, . . . ,T„) C W) r(Tl _ Tn) C W) w{Tl _ Tn) . 

It is well known that in general the joint numerical range W(T\, . . . ,T n ) is not a convex subset 
of C" if n > 2 (see We prove in Section 3 an analogue of Toeplitz-Hausdorff theorem ( |65|. 

|31p on the convexity of the spatial numerical range of an operator on a Hilbert space, for the joint 
numerical range of operators in the noncommutative analytic Toeplitz algebra F£°. We show that, if 
fi,---,fk G F™, then 

1. W(Pp m fi\V m , ■ ■ ■ , Pp m fk\V m ) is a convex compact subset of C fc , where V m is the set of all 
polynomials in F 2 (H n ) of degree < m, and Pp m is the projection of F 2 (H n ) onto V m ; 

2. W(fi, . . . , fk) is a convex compact subset of C fc . 

If gi , . . . , gk are elements of Arveson's algebra , we obtain a corona type result which provides a 
characterization of the Harte spectrum a(gi, . . . ,g k ) relative to W£°. Moreover, we show that 

o-{gu ...,9k) Q W( gi , . . . , g k ) C W) We(gu ... igk) and 

a( 9l , ...,g k )C Wj rigi ,..., gk) C (C^ We(ffl> ..., Sfc) C (C^) w(9l ,..., 9fe) . 

In Section 4, we provide an appropriate generalization of the Sz.-Nagy-Foia§ theory of p-contractions 
|63| . |64p. to our multivariable setting. We say that an n-tuple (Ti, . . . , T„) of operators acting 
on a Hilbert space Ti belongs to the class C p , p > 0, if there is a Hilbert space JC D W and isometries 
V, € B(JC), i = 1, . . . , n, with orthogonal ranges such that 

T^pP^VyW for any a e F+\{ 50 }, 
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where T a :— T^T^ ■ ■ -Ti k if a — gi t gi 2 ■ ■ ■ gt k , and P-j-c is the orthogonal projection of JC on TL. If 
n = 1, one can easily see that this definition is equivalent to the classical one. The results of this 
section can be seen as the unification of the theory of isometric dilations for row contractions [HI] , ED , 
|25j . |14j . |43| . |44) . |4"5] (which corresponds to the case p = 1) and Berger type dilations of Section 1 
for n-tuples (Ti, . . . , T ra ) with the joint numerical radius w(T\, . . . , T n ) < 1 (which corresponds to the 
case p = 2). When Ti, . . . ,T„ are commuting operators, we prove that (Ti, . . . , T n ) G C p if and only 
if there is a Hilbert space Q D Ti and a ^-representation ti : C*(B\, . . . , B n ) — ► B{Q) such that 

T Q = pP H n{B a )\H for any a G F+\{«? }, 

where B\ , . . . , _B„ are the left creation operators on the symmetric Fock space. We obtain in this 
section several intrinsic characterizations for n-tuples of operators of class C p (noncommutative and 
commutative case). 

Following the classical case (E2, E3)> we define the operator radius uj p : B{H)^ — > [0, oo), p > 0, 
by setting 

w p (Ti, . . . ,T„) := inf |t > : Qri, . . . , jT n j G C„J 
and := lim lu p (Ti, . . . ,T„). In particular, wi(Ti, . . . , T„) coincides with the norm of the row 

p — ►oo 

operator [Ti, . . . , T„], and o>2(Ti, . . . , T n ) coincides with the joint numerical radius of (Ti, . . . , T n ). 
We present in this section basic properties of the joint p-operator radius uj p (-) and extend to our 
multivariable setting (noncommutative and commutative) several classical results obtained by Sz.- 
Nagy and Foia§, Halmos, Berger and Stampfli, Holbrook, Paulsen, and others (|H], 0, ^UJi EH- 

EH, Eg, E3, [Hj, E3, and 153 ). 

In Part II of this paper, we prove von Neumann type inequalities [SHI (see also @2] an d EH) for 
arbitrary admissible (resp. strongly admissible) operator radii u : B(7i)^ — > [0, oo). We mention 
that the joint operator radii considered in Part I of this paper, namely, || • ||, || • || e , w(-), w e (-), r(-), 
r e (-), and ui p (-) (0 < p < 2) are strongly admissible, while uj p (-) (p > 2) is admissible. We show that, 
in general, given a row contraction [Ti , . . . , T n ] , the inequality 

w(/i(Ti, / fe (Ti, . . . , T n )) < . . . , S n ), . . . , f k (S l: S n )) 

holds if fi(S%, . . . , S n ), . . . , fk(Si, ■ ■ • , S„) belong to operator algebras (resp. operator systems) gen- 
erated by the left creation operators Si, . . . ,S n and the identity such as the noncommutative disc 
algebra A n , the Toeplitz C* -algebra C*(S±, . . . , S n ), the noncommutative analytic Toeplitz algebra 
F£°, the noncommutative Douglas type algebra T> n , and the operator system F£° (F.%°)* . The opera- 
tor fj(T\, . . . ,T n ) is defined by an appropriate functional calculus for row contractions. Actually, we 
obtain matrix-valued generalizations of the above inequality. An important role in this investigation 
is played by the noncommutative Poisson transforms associated with row contractions (see |52| . 
[SB], El, and 

If [Ti, . . . ,T n ] is a row contraction satisfying certain constrains, we prove that there is a suitable 
invariant subspace £ C F 2 (H n ) under each operator S*, . . . , £*, such that 

w(/i(Ti, . . . ,T„), . . . , / fe (Ti, . . . , T n )) < uo(P £ h(S u ...,S n )\£,..., P £ f k (S u . . . , S n )\£). 

This type of constrained von Neumann inequalities as well as matrix- valued versions are considered in 
Section 6. In particular, we obtain appropriate multivariable generalizations of several von Neumann 
type inequalities obtained in |2j], EH], E2, E2, E3, S3, HSU, E2, 0, and [S3], to joint operator 
radii. For example, if [T l7 . . . , T n ] is a row contraction with commuting entries, then we prove that 

w(A(T 1; . . . ,T„), . . . , / fc (T!, . . . , T n )) < iv(f 1 (B 1 , . . . , B n ), . . . , f k (B ± , . . . , B„)) 

if fi(B\, . . . , B n ), . . . , fk(Bi, . . . ,B n ) are elements of operator algebras generated by the creation op- 
erators B\, . . . ,B n acting on the symmetric Fock space, such as the commutative disc algebra A^, 
the Toeplitz C*-algebra C*(B\, . . . ,B n ), Arveson's algebra W£° , the Douglas type algebra X>£, and 
the operator system W^ Q (W^°)* . The operator fj(T\, . . . , T n ) is defined by an appropriate functional 
calculus for row contractions with commuting entries. Applications of these inequalities are considered 
in the next sections. 
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In 1992, Haagerup and de la Harpe (|2E]) proved that any bounded linear operator of norm 1 on a 
Hilbert space Tt such that T m = 0, m > 2, satisfies the inequality 

<cos^-, 
m + 1 

where ui(T) is the numerical radius of T. In Section 7, we apply the results of the previous sections 
to obtain several multivariable generalizations of the Haagerup-de la Harpe inequality. In particular, 
we show that if the operators T\, .. . ,T n are such that T a — for any a £ F+ with lenght \a\ = m 
(m > 2), then 

fc/2 



w(T a : \a\ = k) < 



n 

i=l 



for 1 < k < m — 1, where [x] is the integer part of x. A similar inequality holds for the euclidean 
operator radius. Using a result of Boas and Kac (^3) as generalized by Janssen ([2]), we also obtain 
an epsilonized version of the above inequality, when one gives up the condition T a = 0. This extends 
a recent result of Badea and Cassier ( 7 ), to our setting. 

Haagerup and de la Harpe showed in |28| that their inequality is equivalent to Fejer's inequality 
|24) for positive trigonometric polynomials of the form 

m— 1 

f(e ie ):= akeik9 > afeGC ' 

k— — m+1 

which asserts that 

| ai | < ao cos ■ 



m + 1 

In the last section of this paper, we provide multivariable noncommutative (resp. commutative) ana- 
logues of classical inequalities (Fejer [231, Egervary-Szazs [231 ) for the coefficients of positive trigono- 
metric polynomials, and of recent extensions to positive rational functions, obtained by Badea and 
Cassier 0. 

We obtain the following multivariable operator- valued generalization of the classical inequalities of 
Fejer and Egervary-Szazs, to the tensor product C* (Si, . . . , S n ) <g) B(7i). Let m > 2 be a nonnegative 
integer and let {^(a)}| ct |< m _ 1 be a sequence of operators in B(Tt) such that the operator 



is positive. Then, 



Kk<m-1 Kk<m-1 



w(A (a) : \a\ = k) < \\A \\ cos 



L fc J 1 

for 1 < k < m — 1. Similar inequalities are obtained for the reduced group C*-algebra C* ed (¥ n ) and 
the full group C*-algebra C*(F„). In particular, we deduce that if 

/= a a S^ + a I+ a aSa 

l<\a\<m-l l<|ct|<m-l 

is a positive polynomial in C*(<Si, . . . , S n ), then 

1/2 



^2 l "' 2 - a o c °s 



|a|=fc 



for 1 < k < m - 1. Similar results hold for C* ed (¥ n ) and C*(F n ). 

There is a large literature relating to the classical numerical range and no attempt has been made 
to compile a comprehensive list of reference here. For general proprieties, we refer to [21], ^2], |13j . 
and |27j . Finally, we want to acknowledge that we were strongly influenced in writing this paper by 
the work of Haagerup and de la Harpe [2H], Arveson 0], Paulsen [3J5], Sz.-Nagy and Foia§ [S3], and 
Badea and Cassier 0. 
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Part I. Unitary invariants for ti-tuples of operators 

1. Joint numerical radius 

We introduce a notion of joint numerical radius for n-tuples (Ti, . . . ,T n ) of operators acting on a 
Hilbert space Ti, by setting 



(1.1) 



w(Tt, ...,T n ) := sup 



where the supremum is taken over all families of vectors {h a } ae¥ + C Ti with E II^qII 2 — 1- I n this 

section, we present basic properties of the joint numerical range, which lead to a multivariable version 
of Berger's dilation theorem and an appropriate generalization of Berger-Kato-Stampfli mapping 
theorem ([5], [33]), to n-tuples of operators with w(T\, . . . ,T n ) < 1. We also obtain a multivariable 
operatorial generalization of Schwarz's lemma. If T%, . . . ,T n are mutually commuting operators, we 
find commutative versions for all the results of this section. 

First notice that, when n = 1, our numerical radius coincides with the classical numerical radius of 
an operator T £ B(TL) (the algebra of all bounded linear operators on Ti), i.e., 

uj(T) := sup{| (Th, h)\: h £ H, \\h\\ = 1}. 

oo m 

Indeed, if £ \\h k \\ 2 < oo and f m {9) := E e m h k , h k £ H, m = 1, 2, . . , then 

k=0 



^2 (hk,Th k+1 ) 



k=0 



=0 






-/ 




2tt J 



(f m (O),Tf m (e))e* e d0 



m 

= u(T)J2\\h 



\f m (0)fM 



k=0 

Taking m — > oo, we obtain iu(T) < w(T). On the other hand, let h £ Ti, \\h\\ — 1, and define 
hk ■= X k \/l - \\\ 2 h, k = 0,1,..., where A £ D := {z £ C : |z| < 1}. It is easy to see that 

E ll^fell 2 = 1 and 

fc=0 



(h k ,Th k+1 ) 



= |A||(T/i,/i) 



for any A G D. Hence, we deduce the inequality w(T) > w(T), which proves our assertion, i.e., 
«;(T)=w(T). 

Let iJ ra be an n-dimensional complex Hilbert space with orthonormal basis e%, e2, . . . ,e„, where 
ne {1,2, ...} orn = oo. We consider the full Fock space of H n defined by 



F 2 {H n ) :=0fl* fc , 



fc>0 



where H®° := CI and i?® fc is the (Hilbert) tensor product of k copies of H n . Define the left creation 
operators Si : F 2 (H n ) — > F 2 (H n ), i = 1, . . . ,n, by 

SiV' := e l <g> ^, ip£F 2 (H n ). 

Let be the unital free semigroup on n generators gi, . . . , g n , and the identity go- The length 
of a £ is defined by \a\ := fc, if a = gi ± gi 2 ■ ■ ■ gt k , and |a| := 0, if a = go- We also define 
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e a := ei t ® ei 2 ® ■ ■ ■ ® &i k and e ga = 1. It is clear that {e a : a € F+} is an orthonormal basis of 
F 2 (H n ). We denote by V the set of all polynomials in F 2 (H n ), i.e., all the elements of the form 

p = a a e a , a„eC, m = 0,1,2,.... 

\a\<m 

UTx,...,T„ e B(7i), define T a := T h T i2 ■■■T ik ifa = g^g^ •■•gi„, andT ff0 := I H - If p is a polynomial 
as the one above, we set p{T u . . . , T n ) := X)| a |<m a a T a- 

The joint spectral radius associated with an rt-tuple of operators (Ti, . . . , T n ) is given by 

l/2k 

r(T u ...,T n ) := lim V T a T* 

k^oc — * 
\a\=k 

In general, r(T x , . . . , T n ) ^ r(T?, . . . , T*) if n > 2. Note for example that 

r(5i, . . . , S n ) = 1 and r(5*, ...,£*)= Vn, 
where S\,. . . ,S n are the left creation operators on the full Fock space. 

For simplicity, throughout this paper, [Ti, . . . , T„] denotes either the n-tuple (Ti, . . . , T„) or the 
operator row matrix \T\ • • • T n ] . 

In what follows we present basic properties of the joint numerical radius. 

Theorem 1.1. The joint numerical radius w : -B(7Y) < -™' — > [0, oo) for n-tuples of operators satisfies 
the following properties: 

(i) w{T\ ,T n ) =0 if and only if T\ — ■ ■ ■ = T n = 0; 

(ii) w(ATi, . . . , \T n ) = |A| w(Tt, . . . , T n ) for any A G C; 

(hi) w{T x +T{,...,T n + T' n ) < w(Ti, T n ) + w(T{, T£); 

(iv) w{U*T\U, . . . , U*T n U) — w(Ti, . . . , T n ) for any unitary operator U : K — > H; 

(v) w(X*TiX,...,X*T n X) < ||X|| 2 w;(Ti,. .. ,T n ) for any operator X :K,^U: 



(-) \ 



T i T i 



1/2 



<w(T u ...,T n ) < 



1/2 



(vii) r(Ti, . . . ,T„) < w(Ti, . . . ,T n ); 

(viii) ® Ti, . . . , Is ® T„) = w(7i, . . . , T„) /or any separable Hilbert space £; 
(ix) w is a continuous map in the norm topology. 

Proof. The first three properties follow easily using the definition 1)1. and show that the joint 
numerical radius is a norm on B(H) {n) . To prove relations (iv) and (v), let {k a } a£¥ + be an arbitrary 
sequence of vectors in JC such that ^ II II 2 = 1- Fix an operator X : JC — ► 7i and define the vectors 



1/2 



ft Q := jrXk a , a € F+, where M := [ £ ||Afc Q | 



On the other hand, we have 



Notice that £ \\h a \\ 2 = 1 and M < ||X| 

a£F+ 



< 



S( fco " T Ai«») 

< IIXII 2 ^^,...,^). 



|X| 



Taking the supremum over all sequences {k a } aG¥ + C JC with ^2 II II 2 — lj w e deduce inequality 

aSF+ 

(v). A closer look reveals that, when X — U is a unitary operator, we have equality in the above 
inequality. Therefore, relation (iv) holds true. 

Now, let us prove (vi). Any vector x S F 2 (H n ) with ||x|| = 1 has the form x — e a ®h a , where 

a£F+ 

the sequence {h a } al£¥ + c H is such that ||^a|| 2 = 1- If 5i, . . . , 5„ are the left creation operators 

aSF+ 
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on the full Fock space F 2 (H n ), note that 



EE 

WF+ J^ 1 /3GF+ / 



E J2( e 9^,ep) (T*h a ,h/3) 

<,/3eF+ i =1 



Hence, we infer that 
(1.2) 



E E ( h °^ T 3 h m«) 

ae¥+ i =1 



«/(Ti, . . . ,T n ) = w(Si ®T* + --- + S n ® T*). 



On the other hand, it is well known that the classical numerical radius of an operator X satisfies the 
inequalities 5II-XJI < w(X) < \\X\\. Using relation l|1.2|l and taking into account that the left creation 
operators have orthogonal ranges, we have 



w(T 1 ,...,T n )=w(J2s i ®T*) < 



n 

E T ^ 



<=1 / \i=l / 

1/2 

= ||[Ti,...,r„]||. 



1/2 



Similarly, one can prove the first inequality in (vi). 

To prove (vii), notice that, since S*Sj = i,j = l,...,n,we have 

i/fc 



,i=l 



E ^® T <^ 

|a|=fc 



lim 

A; — >oo 



E S «® T « E 5 °® T s 



Ja|=fc 



,|Q|=fc 



l/2fc 



= lim 

k — >cx 



\ a \=k 

= r(Ti, . . . ,T n ). 



l/2k 



Consequently, we deduce that 



r(T u . . . , T„) = r(5i ® 7? + • • • + S n ® T„*) 

< w(s , i«)r 1 * + --- + s , „(g)r„*) 

= io (Ti, . . . ,T„) 



Therefore, the inequality (vii) is established. 
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To prove (viii), we use again relation (|1.2|) and the classical result w{Ig £g> X) = w(X). Notice that 
w{I £ ®Ti,...J £ ®T n ) = w(^Si® {h <8> T*)\ 



w 



= w(Ti, . . . ,T n ). 

The property (ix) follows imediately from (vi). The proof is complete. □ 

In general, w(Ti, . . . , T n ) ^ w{T* , . . . , T*) if n > 2. Indeed, we have 

w(S* 1 ,...,S; i )>r(S* 1 ,...,S* n ) = 

and w(Si, . . . , S n ) = 1. 

Corollary 1.2. If (T u . . . ,T„) € B(H) {n \ then 

|| [Ti, . . . ,T„]|| = || 5i «8> T* + ■ ■ ■ + S n O T*||, 

r(Ti, . . . ,T B ) = r(5i ® T* + • • • + £„ ® T*), and 

^(Tx, . . . ,T n ) = <g> 2? + • • • + S n ® T*), 
where Sx, . . . , S n are the left creation operators on the full Fock space F 2 {H n ). 

We need to recall from 05], 07], 0S], and 015] a few facts concerning multi-analytic (resp. 
multi-Toeplitz) operators on Fock spaces. We say that a bounded linear operator M acting from 
F 2 (H n ) g> K to F 2 (H n ) ® /C' is multi-analytic if 

(1.3) M (Si ® Ik) = (5*4 ® for an Y i = 1, . • • ,n. 

Notice that M is uniquely determined by the operator 9 : K. — > F 2 (H n ) ® /C', which is defined 
by 6>fc := M(l ® fc), fee /C, and is called the symbol of M. We denote M = Mg. Moreover, Mg is 
uniquely determined by the "coefficients" 9( a \ <E B{K.,K,'), which are given by 

(0(a) fc, fc') := (6>fc, e Q <g> fc') = (M (l ® k),e a ® fc') , fc € £, fc' € a e F+ 
where a is the reverse of a, i.e., ot — gi k ■ ■ ■ g^ if a = g^ ■ ■ ■ gi k . Note that 

We can associate with Mg a unique formal Fourier expansion 

(1.4) Mg ~ ^ R a ®e (a) , 

where i?i := U* SJJ , i = 1, . . . , n, are the right creation operators on F 2 {H n ) and f is the (flipping) 
unitary operator on F 2 (H n ) mapping ® 6j 2 ® • • • ® ei fc into ej fc ® ••• ® ei 2 ® e^. Since acts 
like its Fourier representation on "polynomials" , we will identify them for simplicity. Based on the 
noncommutative von Neumann inequality f |48|. |53|) we proved that 

oo 

Mg = SOT - lim E E r ' a|jRct («)> 

7_> fc=0|a|=fc 

where, for each r E (0, 1) the series converges in the uniform norm. The set of all multi-analytic 
operators in B(F 2 {H n ) ® JC,F 2 {H n ) ® JC') coincides with R™®B{K,K,'), the WOT closed algebra 
generated by the spatial tensor product, where R™ = U*F^U (see 0H] and [EI])- We also denote 
e{R l ,...,R n ):=Mg. 

An operator T acting on F 2 (H n ) ® £, where £ is a Hilbert space, is called multi-Toeplitz if 
{Si ® I £ )*T{Sj <g> I £ ) = <^I for any i, j = 1, . . . , n. 
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Basic properties for multi-Toeplitz operators on Fock spaces can be found in 0^1, |49|. 

Given a, [3 G F+, we say that a > (3 if a — (3lu for some w G F+\{<7 }- We denote w := a\f3. A 
kernel K : F+ x F+ -> is called multi-Toeplitz if K{g ,g ) = I H and 

fiC(a\A9o) ifc*>/3 
K(a,/3) = %,/3\a) if a < /3 
I otherwise. 

It is said to be positive definite provided that 

J2 (K(a,(3)h(f3),h(a))>0 

for all finitely supported functions h from F+ into Ti. 

The next result, which will play an important role in this section, provides a characterization for 
the n-tuples of operators with the joint numerical radius w{T\, . . . , T n ) < 1. 

Theorem 1.3. Let T%, . . . , T n G B{TL) and let S C C*{S\, . . . , S n ) be the operator system defined by 

(1.5) S := (p(5i, . . . , S n ) + g(5i, . . . , S„)* : p,q £ V}. 
Then the following statements are equivalent: 

(i) w(T u ...,T n ) < 1; 

(ii) TTie map * : 5 -> B{H) defined by 

*(p(Si, . . . , S w ) + g(S l5 . . . , S n )*) := p^, . . . ,T n ) + q(T 1: ...,T n )* + (p(0) +^(0))7 
is completely positive. 

Proof. First, we prove that (i) =4> (ii). For each q = 0, 1, . . ., define the operator 

(1.6) M q := P Vq ® n I K®T & +2I+ R*®T!\\V q ®H, 

\l<|o|<g 1<H<9 / 

where Pp q ®n is the orthogonal projection of F 2 (H n ) ® W onto V q ® "H, and is the set of all 
polynomials of degree < q in F 2 (H n ). Let 7?. be the operator system obtained from S by replacing 
the left creation operators Si,...,S„ with the right creation operators Ri,...,R n . Any element 
G e K <8> B(C m ), m = 1, 2 . . ., has the form 

G = G(i?i, . . . , R n ) :=^R* a ® B (a) + ^ R a ® A (o) 
|o|<g M<g 

for some operators A( a ),i?( Q ) € B(C m ), \a\ < q. Note that G is a multi-Toeplitz operator acting on 
the Hilbert space F 2 (H n ) <g> C m , i.e., 

(S* <g> Ic^GiSj ® J C m) = <5yG, i, j = 1, . . . , n. 

Assume that w(Ti, . . . ,T n ) < 1 and G > 0. Then, according to the Fejer type factorization theorem 
of there exists a multi-analytic operator £ B(F 2 (H n ) ® C" 1 ) such that G = 0*0 and 

(S* ®7 c -)e(l®/i) = 

for any /i £ C m and |a| > g. Therefore, = ^ -Rq <8 9( a ) for some operators &( a ) G B(C n ) and 

M<g 

G = e*e= ^ fl*^®e^e (/3) . 

M,l/3|<<? 

Since = i, j = 1, . . . , n, we have 

(i-7) g= ^ K\/3®0(a)©(/3)+ I] %®e^e (W . 

q>/3 : |a|,|/8|<g /3>a, |a|,|/8|<g 
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To prove that (i) => (ii), it is enough to show that the operator G{T\, . . . ,T n ) + G(0)I is positive 
whenever G > 0. To this end, define the multi-Toeplitz kernel Kt.2 ■ x F+ — > B(H) by setting 





if f3 > a 


21 


if a = p 


T a\/3 


if a > 





otherwise. 



Note that 

G(T 1 ,...,T n ) + G(0)I= ]T K T ,2(a,l3)®e* (a) <d (f}) . 

I«|,|/3|<9 

V 

Hence, for any element hi ® Zi £ H ® C m , p — 1,2,..., we obtain 

i=l 

^[G(T 1 ,...,T„)+G(0)7] ^/n®^ ,Yji t ®z^i 
p 

= E X (^T,2(Q!,/3)/li(S)0( a) ©(/3)^,/lj®^) 
l .i =1 M>l/3|<9 

p 

= ^ ^ (K T ,2(a, f3)hi <g> Q w zi,hj <g> 6 (a) ^) 

»,j=l|a|,|/3|<g 

= X ( (^T, 2 (a,/3) ®/ c -) (X^® 6 ^) 2 * ) -E^ 00 ^/ " 

|a|,|/3|<g \ \i=l / i=l / 

We need to prove that the operator matrix [Kt, 2 (oi, fi)]\a\,\p\<q is positive. Since [Kt,2((x, P)]\a\,\/3\<g 
is the matrix representation of the operator M q with respect to the decomposition V q ®'H = ®^ = -{H, 
where N := l + n + - ■ - + n q , it is enough to prove that M q > 0. Let the operator A q : V q 
be defined by 

(1.8) A q := P Vq ® n (R\ ® 7i + ■ ■ ■ + R* n ® T n )\V q ® W. 

Since = 0, we have 

M « = E 4 + E < = ( J - + ( J - 

fc=0 fc=0 

Let h := (I — A q )k, k e ? 9 ® H, and note that 

(M 9 /i, ft) = (fc + (7 - - (I - A q )k) 

= (k,(I-A q )k) + ((I-A q )k,k) 
= 2\\k\\ 2 -2Re(A q k,k) . 

Therefore, M q > if and only if Re (A q k, k) < 1 for all k e V q ® with ||fc|| = 1. We prove now the 
latter condition is equivalent to uj(A q ) < 1. Since one implication is clear, assume that Re (A q k, k) < 1 
for all k € V q ® H with || fc| = 1. If w(Aq) > 1, then there exists x — e a ® h a & V q ®H such that 

\a\<q 
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|a;|| = 1 and | (A q x, x) | > 1. A short calculation reveals that 



\(AgX,X)\ 



3 I ' ' 



\\P\<q J=l|«|<! > 



3=1 \a\,\0\<q 



3=1 |a|<g 

Now, let # Q G [0, 27r], |a| > 1 , be such that (Tjh gj , ft fl0 ) e 1 ^' > for any j = 1, . . . , n, and 

(Tjh agj ,h a )e l9 ^e- W « >0 

for any j = 1, . . . , n, and a € with |a| < q — 1. Let /i^ := e lda h a if < |a| < 9 and ft' := /i So , 
and note that 



> 0. 



Therefore, \\h' a \\ 2 = S ll^all 2 = 1 an< L if y := X) e Q ® /i^, , then we obtain 

\a\<q \a\<q \a\<q 



3=1 |o|<g 



> 



Z Z ( T 3 h <*g 3 ,h a ) 
3=1 |«|<g 



> 1. 



Hence, 1 < Re {A q k\ k'), which is a contradiction. This proves that we must have tj(A q ) < 1. 
Therefore, 

(1.9) M 9 > if and only if £j(A 9 ) < 1. 
According to Corollarv ll.2l we have 

(1.10) «;(Ti, . . . ,T„) = <8> T* + . . . + S n ® T*). 

Since U* SiU — Ri, i = 1, . . . ,n, and t/ is unitary, the unitary invariance of the joint numerical radius 
and relation I|1.1L)|) imply 

w(T 1: . . . ,T„) = w(Ri <Z>T* + ... + R n ® T*). 

Therefore, if w(T u . . . , T n ) < 1, then w(A g ) < w(R\ <g> T-f + . . . + i?„ <g> T*) < 1. Now, relation lfO|) 
implies condition (ii) of the theorem. 

Conversely, assume that (ii) holds. Define the multi-Toeplitz kernel Kg,i ■ F+ x F+ — > B(H) by 
setting 



Sj3\a 


if j3 > a 


I 


\£a = /3 


S a\/3 


if a > 





othcwisc 
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Since S* Sj = 5%jJ, i,j = 1, . . . , n, we have 

^2 (K s ,i{a,f3)h l3 ,h a ) = ^ (S^Sphf3,h 

\a\,\P\<q \<*U\P\<Q 

2 



\a\<q 



> 



for any {h a }\ a \<: q C 7i and q = 1,2,...,. Therefore, the operator matrix [Ks,\{&>0)]\ a \Ap\<q is 
positive. Since '5 is a completely positive map and 

[^(Ks,\{a, p))]\ a i\p\< q = [K Tt2 (a, 0)]\ a \,\p\< q , 

we deduce that M q > 0. Hence and using l|1.9fl . we get to{A q ) < 1 for any q = 1, 2, According to 

relations (|1.8() and Q1.10[l . we obtain u>(Ti, . . . , T n ) < 1. The proof is complete. 

□ 

Lemma 1.4. J/ (Ti, . . . , T„) is an n-tuple of operators on a Hilbert space Ti., then 

r(T x , . . . ,T n ) = r(Rx ® T x * + • • • + ® T*). 
Moreover, if the spectral radius r{T\, . . . , T„) < 1 and € D, /or any i = 1, . . . , n, then the operator 

n 

I — ZiRi® T* is invertible and 

i=l 

(1.11) (i-^ZiRiST?) =I + Y1 £ ZcRcQT?, 

V »=1 / fe=l |a|=fc 

where the series converges in the operator norm. 

Proof. The first part of the theorem follows from Corollary 11.21 and the fact that Ri = U*SiU, 
i = 1, ...,n, where f is the (flipping) unitary operator. Assume now that r{T\, . . . ,T n ) < 1 and 
Zi S B, i = 1, . . . , n. Then we have 

r ^Y^ZiRi (g) T*j = r(zxTx, . . .,z„T n ) < jr(Ti, . . . ,T n ) < 7, 

where 7 := max{|zi|, . . . , \z n \} < 1. This proves that the operator / — ZiRi ® T* is invertible. 

On the other hand, the root test implies the convergence of the series in the operator norm. The 
equality in is now obvious. □ 

The following result provides a characterization for row contractions as well as a new proof of the 
noncommutative von Neumann inequality obtained in |47|. 

Theorem 1.5. Let Ti, . . . , T n G B{TL) and let S C C*(S\, . . . , S n ) be the operator system defined by 
(|1.5f) . Then the following statements are equivalent: 

(i) T 1 T^ + ---+T n T*< 1; 

(ii) The map ^ : S — > B(Ti) defined by 

*(p(Sl, . . . , 5„) + q(Si, . . . , S„)*) := p(Ti, . . . , T„) + g(Ti, . . . , T n )* 
is completely positive. 

(iii) T/ie spectral radius r(Ti . . . ,T„) < 1 and i/ie multi-Toeplitz operator A r defined by 

00 00 
A r := ^ rkR « ®T & + I + ^Y1 rkR « ® T 5 

k=l |a|=k fc=l|a|=fc 

is positive for any < r < 1, where the convergence is in the operator norm. 
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Proof. First we prove that (i) =>■ (ii). For each q = 0, 1, . . ., define the operator 
(1.12) N q :=P v ^n[ Y K&T& + I+ Y R a ® Ti J |P, <8 W, 

\1<M<8 1<H<9 / 

where Pv q ®H is the orthogonal projection of F 2 (H n ) (g) H onto "Pg (8 H, and is the set of all 
polynomials of degree < q in F 2 (H n ). The multi-Tocplitz kernel -FTt.i : x F+ — * B(Ti) is given by 



'Tg\ Q if $ > a 

I if a = /? 

T* a \p Xa>/3 

otherwise. 



As in the proof of Theorem II. 31 the Fejer type factorization theorem of shows that any positive 
operator G € TZ ® £?(C m ), m = 1, 2, . . ., has the form l|1.7|l . and similar calculations show that 

G{T x ,...,T n )= Y, Kt,i(<*>P)®8U Q W- 

v 

Hence, for any element hi ® z * S H ® C m , p = 1,2,..., one obtains 

z=l 



P 



[G(Ti, . . . , T n )] ( ^/ij ® J , Y h i fe 

i=l 



= y UKTA a iP)® i c™){Y h *® e (0) z *)>Y hi(E)e (°') Zi )- 

\<x\,\P\<q \ Vi=l / i=l / 

Therefore, to show that G(Ti, . . . ,T„) > 0, we need to prove that the matrix [Kt,i(cx, ft)]\ a \,\f)\<q is 
positive. Since [Kt,i{ol, 0)\\ a up\<q is the matrix representation of the operator N q with respect to the 
decomposition V q <S> H = ©^ 1 W, where iV := 1 + n + ■ • • + n q , it is enough to prove that N q > 0. Let 
the operator A q : V q ® W — > ® W be defined by 

Since = 0, we have 

N q = YA k q +i+Y< = ( I - A ^ 1 + (i-A* q r i -i 



fc=i fc=i 

\— 1/ r /i /l**\/r /l* 1 ! — 1 



= (I - A q )-\I ~ A q A* q )(I ~ A* q y 
Since [Ti, . . . , T„] is a row contraction and = 5yJ, i, j = 1, . . . , n, we have 

= (E ^ ® (Y R * ® 

n 

< ^ /.';/.'., / , / ; < t 

Therefore N g > 0, which shows that G(T X , . . . , T„) > 0. This proves that (i) =*> (ii). 

Assume now that (ii) holds. According to Arveson's extension theorem 0], there exists a completely 
positive map $ : C* (R\, . . . , R n ) — > -B(H) extending 'J. Using Stinespring's dilation theorem [5U| . 
there exists a ^-representation 7r : C*(R%, . . . , i? rl ) — > £>(/C) such that 

$(x) = P n n(x)\H, xeC*(R 1 ,...,R n ). 
Since i?* i? 3 = SijI, i, j = 1, . . . , n, it is clear that 

||[Ti,...,T„]|| < || [7r(i?! ),..., || <1. 



UNITARY INVARIANTS IN MULTIVARIABLE OPERATOR THEORY 



15 



This completes the proof of (ii) (i) . 

Now we prove the implication (i) =>• (iii). Assume that condition (i) holds. Since 

r rjtRi®T^J =r(T 1 ,...,T n ) < 1, 

n 

Lemma fT^I shows that the operator I — ^ rRi <S> T* is invertible and 



\ i=l / fc=0|a|=fc 



Moreover, we have 



1 - E rR * ® T *) - 



i=l 



for any < r < 1. 

To prove the implication (iii) =>■ (i), assume that A r > for any < r < 1. First we show that 



(1.13) 



/ A r 53 ep <g> hp , 53 e 7 ® ^7 ) = X! (^I.tCT; /3)fys> ^ 

\ \\P\<q J h\<g I \P\,\i\<i 

where the multi-Toeplitz kernel Kr.i.r '■ x F+ — > B(H) is defined by 



7/ ' 



i4f T ,i,r(a,/3) := 



if /3 > a 
if a = /3 







otherwise. 



Since r(Ti, . . . , T„) < 1, the series rk Ra ® T~ is convergent in norm for any < r < 1. Note 

k=0 \a\=k 

that if {hp}\p\< q C Ti, then 



53 E rkRa ® T & \ E e P ® h P ' E e i ® h i 



v fc=0 \a\=k 



h\<Q 



fe=0|a|=fe \|/3|<g | 7 |<g / 

= E E r ' a ' ( e i8a, e 7 ) {T~hp, hy) 
= E rl^l(^ /)l A 7 ) 

7>/3; |/8|,|7l<9 
= 53 ( K T,l,r(l,f3)hp,h 1 ) . 

7>/3; |/3|,M<9 

Hence, taking into account that KT,i,r{"1, ft) = i rift' 7)i relation (|1.13|) follows. Now, since A r > 0, 

we must have [Kt,i, r (&, ft)]\ a \,\p\< q > for any < r < 1 and g = 0, 1, Taking r — ► 1, we get 

[i4TT,i( a J /3)]|q|,|/3|< 9 > for any g = 0,1,.... Using the Naimark type dilation theorem of jSJ, we 
deduce that [Ti, . . . , T„] is a row contraction. The proof is complete. 

Corollary 1.6. ( |47p // [Tj., . . . , T„] is a row contraction, then 

||p(Ti,...,T„)|| < ||p(^,...,^)|| 



□ 
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for any polynomial p G V . Moreover the map ^ of Theorem \1.5\ is completely contractive and can be 
extended to A n + A* n . 

A consequence of the noncommutative von Neumann inequality and the noncommutative corn- 
mutant lifting theorem is the following multivariable matrix- valued generalization of Schwarz's 
lemma. We denote by M m the set of all m x m complex matrices. 

Theorem 1.7. Let [Tj., . . . , T n ] be a row contraction and m, k > 1. 

(i) If Fj := Fj(Si, ...,S n )e M m <g> A„ such that Fj(0) = 0, j = 1, . . . , k, then 

u{F!{Ti, ...,T n ),...,F k (T 1 ,.. . ,T n )) < u(T x , . . . ,T n )\\[F u ...,F k }\\, 

where lu is the norm or the joint spectral radius. 

(ii) If An is replaced by F£° in (i), then the above inequality holds true for any completely non- 
coisometric row contraction, in particular if ||[Ti, . . . ,T n ]\\ < 1. 

(hi) If TiTj = TjTi for any i,j = X,...,n, then (i) and (ii) remain true if we replace A n (resp. 
F£°) by the commutative algebra A n (resp. Wff). 

Proof. Let X q :— X q (S\, . . . , S n ) be the row matrix with entries F a , a € with \a\ = k, and denote 
X q := [F a : \a\ = q]. Note that X q € M m _ m k<i ®A n , i.e., a m x mk q matrix with entries in A n . Taking 
into account the structure of the elements in F£°, the condition Fj(Q) = 0, j = 1, . . . , k, implies 

X q (S 1 ,...,S n ) = (Im®Sp)$ /3 {S 1 ,...,S n ) 
1-81=9 

for some operator matrices $>p(Si, . . . , S n ) <E M m , m ki ® A n . Since the operators Sp, |/3| = q, are 
isometrics with orthogonal ranges, we have 

X q (Sl, . . • , S n )*X q (Sl, . . . , S n ) — ^2 ■ ■ • , S n )*$p(Sl, . . . , S n )- 

l/3|=9 

Now, using the the noncommutative von Neumann inequality, we obtain 

l-V.lT,. r„)j| : ^2 (Im ® T a )$p(Ti, T n ) 

101=9 

~®p(Ti, T n ) 

= <?] 



< 



[Im ® Tp : 

<\\[I m ®Tp: \(3\ = q}\\ £ 

101=9 

= |IP>: |/?|= g ]||||X 9 (^,...,5„)|| 
= |IP>: |/3|= 9 ]||||[J' 1 ,... J F fc ]r. 



1/2 



Therefore, we have 





l/2q 




l/2q 


]T Fp(Ti, . .., T n )Fp(Ti, T n )* 


< 


J2 T ? T l 


\\\m,...,F k ]\ 


101=9 




101=9 





Taking q = 1 or q — > oo, we obtain the inequality (i). Part (ii) follows in a similar manner if one uses 
the -F^-functional calculus for completely non-coisometric row contractions (see |48| ) . 

To prove (iii) , let [2~i , . . . , T n ] be a completely non-coisometric row contraction with commuting 
entries. Let Gj := Gj(B 1 , . . . , B n ) 6 M m ® W£° , j = 1, . . . , k, be such that [Gi, . . . , G k ] is a row 
contraction with Gj(0) = 0, j = 1, . . . , fc. Since G :— [Gi, . . . , G k ] € M m ^ m k ® W£° , according to 
we have 

G?(/cm* = (/ C -®A)G 
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for any i = 1, . . . , n. Using the noncommutative commutant lifting theorem 01] (see also [3]), we find 
F(Si, . . . , S n ) G M m , m k ® F£° with the properties 

PwvFUHjFiS!, S n )\(C mk ® Fg{H n )) = G{B X , B n ) 

and . . . = ||G(Bi, . . .,B n )\\. Since G(0) = 0, we also have F(0) = 0. On the other hand, 

the commutativity of the operators T\, . . . , T n implies F{T\, . . . , T n ) = G{T\, . . . , T n ). Applying now 
part (ii) of the theorem to F(Si, . . . , S n ), we obtain 

\\G(T 1 ,...,T n )\\ = \\F(T 1 ,...,T n )\\ < ||[T 1 ,...,T n ]||. 

Assume now that G(B\ , . . . , B n ) G M m eg) and let [Ti, . . . , T n ] be an arbitrary row contraction with 
commuting entries. Note that [rT±, . . . ,rT n ] is completely non-coisometric for < r < 1. Therefore, 
we have 

\\G(rT 1 ,...,rT n )\\ < \\[rT 1 ,...,rT n ]\\. 

Since G(rT±, . . . , rT n ) converges in norm to G(T\, . . . , T n ) as r — * 1, the above inequality implies 
\\G(T U . . . ,T n )\\ < ||[Ti,...,T„]||. The proof is complete. □ 

Note that in the particular case when n = m = k = 1, ||T|| < 1, and / G iJ°°(D) with /(0) = 
and \\fWoo < 1, we get 

||/(T)|| < ||T|| and r(f(T))<r(T). 

Now we can obtain the following multivariable version of Berger's dilation theorem (see [S]). 

Theorem 1.8. Let Ti, . . . ,T n G B{TL). Then w(Ti, . . . ,T n ) < 1 if and only if there exists a Hilbert 
space K, D Ti. and isometries with orthogonal ranges V%, . . . , V n G B(JC) such that 

T a = 2P H V a \H foranyae¥+\{9o}- 

Proof. According to the proof of Theorem 11.31 the multi-Toeplitz kernel \Kt,2 '■ x ~~ * -^(^0 
is positive definite if and only if the numerical radius w(Ti, . . . ,T n ) < 1. Using the Naimark type 
dilation theorem of [SJi the result follows. □ 

Let us point out another proof of Theorem 11.81 According to Arveson's extension theorem 0], 
the map "J of Theorem 11.31 has a completely positive extension "J : C*(Sx, . . . , S n ) — > B(Ti). By 
Stinespring's theorem |f>()| . there exists a representation n : C*(Si, . . . , S n ) — > B(JC) and an operator 
V e B(H,K) such that ^(x) = V*n{x)V for any x G C*(S X , . . .,S n ). Since *(J) = 21, we have 
V*V = I. Identifying Ti with VTi, we get \^>{x) = Phtt(x)\H. In particular, this shows that 
T a = 2PHTr(S a )\Ti, for any a G F+, a ^ go. Since Vi :— Tt(Si), i = l,...,n, are isometries with 
orthogonal ranges, the result follows. 

Corollary 1.9. Let (Ti,...,T n ) G B{H) (n) be an n-tuple of operators with the numerical radius 
w{T\, . . . , T n ) < 1. Then there is a completely bounded map $ : A n + A* n — > B(Ti) such that 

®(p{S x , ...,S n ) + q(S 1 , Sn)*) = P (T U ...,T n ) + q(T 1} T n )* 

for any polynomials p,q G V, and \\^\\ C p < 3. Moreover, the n-tuple (Ti, . . . ,T„) is simultaneously 
similar to a row contraction. 



Proof. Note that Theorem II .81 implies 

p(Ti, . . . ,T„) + g(T l5 ... ,T n )* = J^[-(p(0) +^(0))/jc + . . . ,V n ) +p(Vi, V n )*)]\H 

for any polynomials p and g. Using the noncommutative von Neumann inequality (see Corollary 
II. 6|) . we deduce that the map $ is completely bounded and ||$|| C p < 3. According to Theorem 2.4 
of [HD] (which uses Paulsen's similarity result [HHj) applied to <i>|„4„, there exists a row contraction 
[Ax, . . . , A n ] and an invertible operator X such that Ti = X _1 A;A, i = 1, . . . , n. This completes the 
proof. □ 
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According to Corollary 1 1.91 if /(Si, . . . , S n ) G A n , then 

/(Ti, . . .,T n ) := $(/(S x , . . . = lim Pm (T u . . . ,T„), 

m — >oo 

where {p m (Si, . . . , S n )}^ =1 is a sequence of polynomials in A n which converges to /(Si, . . . , S n ) in 
the operator norm. Using Theorem 1 1.81 we have 

(1-14) /(Ti, . . . ,T„) + /(0)J = 2P w /(y x , . . . , V n )\H. 

Hence, and using the fact that f(rVi, . . . , rV n ) converges to f(Vi, . . . , V n ) in norm as r — > 1 (see 
we deduce that 

/(Ti, . . . ,T„) = lim /(rTi, . . . ,rT n ), 

r—*l 

where the limit exists in the norm topology and 

oo 

/(rTi, . . . ,rT n ) := r k a a T a 

k=0 \ a \=k 

for /(Si,...,S„) = I]^L S|a|=fe a " 5 '"- 

The next result is a multivariable generalization of Berger-Kato-Stampfli mapping theorem (see 
0), to n-tuples of operators. 

Theorem 1.10. If (Ti,...,T n ) G Biji.)^ is an n-tuple of operators with joint numerical radius 
w(T u . . . ,T n ) < 1 and F u . . . ,F k e M m <g> .4„, tfien 

1/2 

;(Fi(Ti, . . . ,T„), • ■ • ,F fe (T x , . . . ,T n )) < ||[F l7 . . .,F k }\\ + 2 I £ ||^-(0)|| 2 

Proof. First, we prove the result when m = 1, g-,- G *4 n , || [<7i, • • ■ , || < 1, and ^(0) = for any 
j = 1, . . . , k. Let S C C*(Si, . . . , S n ) be the operator system defined by 

S := {p(Si, . . . , S n ) + q(Si, . . . , S„)* : Pl q € "P}. 

According to Theorem 1 1.31 the map W : S — > B(TL) defined by 

*(p(Si, . . . ,S„) + g(Si, . . . , S n )*) :=p(Ti, . . . ,T n ) + q{T u . . .,T n )* + (p(0) 

is completely positive. Let Li,...,L k be the be the left creation operators on the full Fock space 
F 2 (Hk) and let X C C*(Li, . . . , L k ) be the operator system defined by 

X := {r(Lx, . . . , L k ) + s(L\, . . . , L k )* : r, s are polynomials}. 

Given gj = g 3 (Si, . . . , S„) <E -A n , j = 1, . . . ,k, with ||[gi, . . .,g k }\\ < 1, define the mapping $ 91 ...., 9fc : 
A"^C*(Si,...,S„) by setting 

® gu ~.,gh{ r ( L ii ■ ■ ■, L k) + s{L 1 , . . .,L k )*) := r(g 1: ...,g k ) + s(gi, . . .,g k )*. 

Using Theorem ll.5l we conclude that the map $ Sl ,..., 9fc is completely positive. Assume for the moment 
that <7j(Si, . . . , S n ), j = 1, • .., k, are polynomials in Si, ... , S„. Notice that $o <& gi ,.,. igk : X — > B(H) 
is completely positive and, since <7j(0) = for any j = 1, . . . , k, we have 

* ° 'I-,. ,• (r(Li, . . . ,L k ) + s(Lx, . . . , L k )*) 

= r{Y x , ...,Y k ) + s{Y x , . . .,Y k ))* + (r(0) + i(0))J, 

where Yj := 9jiT\, . . . , T„), j = 1, . . . , k. Since ^ o $ gii ... i9)t is completely positive, we can apply 
Theorem 11.31 to deduce that w{Y\, ..., Y k ) < 1. Since the numerical radius is norm continuous, the 
conclusion remains true for any <7,(Si, . . . , S„) in the noncommutative disc algebra A n - 

Now, for each j = 1, . . . , k, define 

9j (Si, . . . , S„) := i (/,(Si, . . . , S n ) - / 3 -(0)Z) , 
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where K := \\[f u . . . , f k }\\ + (^ =1 \fj(0)\ 2 ) 1/2 . Notice that . . .,g k ]\\ < 1 and 9j (0) = for any 
j = 1, . . . , k. Applying the first part of the proof to the n-tuple (gi, . . . ,g k ), we obtain 

w{h{T 1} . . . ,T n ) - h{Q)I, . . . , f k (T u . . . , T n ) - f k (0)I) < K. 

Taking into account that the joint numerical radius is a norm on B{H) {k \ the result follows. The 
matrix-valued extension of this result follows in a similar manner. The proof is complete. □ 

Corollary 1.11. If w{T x , . . . ,T n ) < 1 and F(Si, . . . , S n ) G M m ® A n> F(0) = 0, then 

w(F(T u ...,T n )) < \\F(S 1 ,...,S n )\\. 

Note that if n = m = 1, we find again the cassical result of Berger-Kato-Stampfli |35|. We 
recall that the numerical range of an operator X £ B(TL) is defined by 

W(X) := {(Xh, h) : heH, \\h\\ = 1}. 

Theorem 1.12. If w{T x , . . . , T n ) < 1 and f e A n with Re f > 0, then 

ReW(f(T u ...,T n )) > -Re/(0). 

Proof. According to the remarks following Corollarv ll.9l we have 
(1-15) f(T x , ...,T n ) + f(0)I = 2P n f(Vx, ...,V n )\H 

for some isometries with orthogonal ranges acting on a Hilbert space K 3 H. If < r < 1, then 
||[rVi, . . . , rV n ]\\ < 1, and according to 01], there is a Hilbert space Q such that K. can be identified 
with a subspace of the Hilbert space Q ® F 2 (H n ) and 

rV* ={Ig®S*)\K, i = l,...,n. 

Hence, 

(1.16) f(rVi ) ...,rV n )* = (Ig®f(Si,...,S n )*)\1C. 
Since Re/(5'i, . . . , S n ) > 0, relation implies 

f(rV 1 ,...,rV n )* +f(rV 1 ,...,rV n )>0 

for < r < 1. Since 

Hmf(rV 1 ,...,rV n ) = f(V 1 ,...,V n ) 

r— vl 

in the operator norm, we infer that Re/(Vi, . . . , V n ) > 0. Hence and using relation i|1.15fl . we obtain 

Re (f(T 1 ,...,T n )h,h) > -Re (f(0)h,h). 
for any h G TL. The proof is complete. □ 

Another consequence of Theorem ll.101 is the following multivariable power inequality. 
Corollary 1.13. IfT%, ...,T n G B(H), then 

(1.17) w(T a : |a| =k) < W (T 1; ...,T„) fc 
for any k — 1,2,.... 

Proof. Since the joint numerical radius is homogeneous, we can assume that w(Ti, . . . , T„) = 1. 
Applying Theorem II. 101 to (S a : \a\ = k), we obtain 

w(T a : \a\ = k) < \\[S a : \a\ = k}\\ = 1, 

which completes the proof. □ 
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We remark that if n = 1 we obtain the classical power inequality [Sj (originally a conjecture of 
Hahnos). Notice also that if (A\, . . . , A n ) and {B\, . . . , B n ) are arbitrary n-tuples of operators then 

w{A l B j : i,j= l,...,n) < iw(A 1: . . . ,A n )w{B x , . . . ,B n ). 

Indeed, using Theorcm ll.il we deduce that 

w(AiBj : i, j = 1, . . . ,n) < \\[AiBj : i, j = 1, . . . ,n]|| 

< \\[A 1 ,...,A n ]\\\\[B 1 ,...,B n }\\ 

[ ■ ' <2\\[A 1 ,...,A n ]\\w(B 1 ,...,B n ) 

< Aw(A 1 ,...,A n )w{B 1 ,...,B n ). 

According to Theorem ll.il we have 
(1.19) r(T 1 ,...,T n )<w(T 1 ,...,T n ) < ||[Ti, . . . ,T n ]\\. 

In what follows we characterize the n-tuples of operators for which equalities in (|1.19l) occur. 
Proposition 1.14. // (Ti, . . . , T„) £ B(Tt)( n \ then the following statements are equivalent: 

(i) r(Ti, . . . ,T„) = . . . ,T n }\\; 

(ii) \\[T a : |a| = fc]|| = ||[r 1 ,...,r n ]|| fe / r a nyfc=l,2,...; 

(hi) w(Ti, . . . , T n ) - Hpv..,^]!!. 



Proof. Using Corollary 1 1.21 it is easy to deduce that 

(1.20) r{Tx,...,T n ) k =r(T a : \a\ = k) for k = 1,2, . . . . 

Consequently, if condition (i) holds, then 

||[r 1> ... > r n ]||* = r(r 1> ... J r n ) k = r(r a : |a| = k) < \\[T a : \a\ = k}\\. 

Since the reverse inequality is always true, we deduce (ii). The implication (ii) =>• (i) follows immedi- 
ately using the definition of the joint spectral radius. The inequality H1.19|l shows that (i) (iii). It 
remains to prove that (i) (iii). Assume that w(T\, . . . , T n ) = || [Ti, . . . , T n ]\\ — 1. Using Corollary 
11.21 we get 



= i. 



Hence, there is a sequence {y m } C F 2 (H n ) ® H such that \\y m \\ = 1 and ((X)"=i ^ ®T*)y m ,y m ) 
converges to 1, as m — > oo. A standard argument shows that 1 is in the approximate spectrum of 
E™=1 Si®T*. Consequently, r {J2?=i S i ® T i) = L Usin g a S ain CorollaryO the result follows. □ 

Proposition 1.15. // (T x , . . . , T n ) E B(H) {n) , then w(T u . . . ,T n ) = r(T u . . . ,T n ) if and only if 
w{T a : \a\ = k) = w(Ti, . . . ,T n ) k for any fc=l,2, .... 

Proof. Assume that w(T\, . . . , T n ) = r(T 1; . . . , T n ). Using relations (|1.2U|) and l|1.19|l . we have 

w(T u . . . ,T n ) k = r(T u . . . ,T n ) k = r(T a : \a\ = k) < w(T a : \a\ = k). 

Hence and using the power inequality l|1.17f) . we deduce that w{T u . . . ,T„) fc = w{T a : \ot\ = k) for 
any k = 1,2,.... Conversely, assume that the latter equality holds. Using again (|1.19|l . we have 

w(T 1 ,...,T n ) = w(T a : \a\ =kf' k < \\[T a : \a\ = k]\\ l / k 

for any k = 1, 2, . . .. Taking k — > oo, we obtain w(T\, . . . , T n ) < r(T\, . . . , T n ). The reverse inequality 
is always true (see (|1.19f) 'l. This completes the proof. □ 

We consider now the case when the n-tuple (Ti, . . . , T n ) has commuting entries. 



UNITARY INVARIANTS IN MULTIVARIABLE OPERATOR THEORY 



21 



Theorem 1.16. Let T\, . . . , T n € B(TL) be commuting operators and let S c C C* {B\, ■ ■ . , B n ) be the 

operator system defined by 

(1.21) S c := {p(B lt . . . , B n ) + q(B 1 , . . . , B n )* : p,qe V}, 

where B\ , . . . , B n are the creation operators on the symmetric Fock space. Then the following state- 
ments are equivalent: 

(i) w(T u ...,T n ) < 1; 

(ii) The map ty c : S c — > B(TL) defined by 



y c (p(B u B n ) + q(B u . . . , B n )*) := p(T u ...,T n )+ q(T x , ...,T n )* + (p(0) + q(0))I 
is completely positive. 

(iii) There is a Hilbert space Q 3 Ti. and a * -representation 7r : C*(B±, . . . , B n ) — > B(Q) such that 

T a = 2P n ir{B a )\H for any ae¥+\{g }. 

Proof. Assume that w(T 1: . . . ,T n ) < 1. According the the proof of Theorem 11.31 the multi-Toeplitz 
kernel \K Ta : F+ x F+ -» B(H) defined by 



\Tp\a if > a 
1 , I I if a = 

otherwise. 



is positive definite. Since T%, . . . ,T n are commuting operators, according to Theorem 3.3 of |57| . there 
exists a completely positive linear map $ : C*(B, . . . , B n ) — > B(H) such that = / and 

$(B ct ) = 1t ct , ae¥+\{g }. 

According to Stinespring's theorem (see (001)) there exists a Hilbert space Q 3 H and a ^-representation 
7T : C*(Si, . . . ,B n ) -> such that (iii) holds. 

Assume now (iii) and let Wi :— ir(Bi), i = 1, . . . , n. Since [Wi, . . . , Wn] is a row contraction, there 
exists a Hilbert space K 3 5 and Vi , . . . ,V n € -B(/C) isometries with orthogonal ranges such that 
W* = V*\K, a e F+. Since H Q G, (iii) implies T Q = 2P w F a |ft, a € F+. Using Theorem Ol we 
deduce that u>(Ti, . . . ,T„) < 1, therefore (iii) =>■ (i). Now we show that (iii) (ii). Notice that 
(iii) implies 

p(T 1 ,...,T n )+q(T 1 ,..., T n )* + (p(0) + ^(0))J 

= 2P n n\p(B 1 , B n ) + q{B x , B n )*]\H. 

This clearly implies (ii). To prove that (ii) ==> (i), note that there is a completely positive linear map 
7 : C*(Sx, ...,#„)-> C*(Bi, ...,B n ) such that i(S a S%) = B a Bp (see |S2). Since the map * c o 7 is 
completely positive and (\I> c o7)|<S = 'J, where 5 and 'J are defined in Theorem ll.3l the latter theorem 
implies w(Ti, . . . ,T n ) < 1. The proof is complete. □ 

Remark 1.17. IfT±, . . . ,T„ are commuting operators, then "commutative" versions of Corollaru \l.fA 
Theorem M.KA Corollary and Theorem M.VA hold true, if we replace the noncommutative disc 
algebra A n with its commutative version A c n . The proofs are exactly the same but one uses Theorem 

mm 
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2. Euclidean operator radius 

In this section we present basic properties of the euclidean operator radius of an n-tuple of operators 
(Tx,...,T n ), defined by 

/ n \ 1/2 

«;e(Ti,...,r n ):= sup V | (T t h, h) | 2 , 
Nl=i Wi / 

in connection with the joint numerical radius and several other operator radii. We define a new norm 
and "spectral radius" on B(Ti)^ by setting 



(2.1) 

and 
(2.2) 



||(Ti,...,T n )|| 



e := sup ||A]Ti H hA n T n | 

(Ai,...,A„)eB„ 



r e (Ti, . . . , T„) := sup r(X 1 T 1 H h X n T n ), 

(Ai,...,A„)eB n 



where r{X) denotes the usual spectral radius of an operator X £ B(H.). Notice that || ■ || e is a norm 
on B(H) {n \ 

\\(Tx, ...,T n )\\ e = \\(T*, . . . ,T*)|| e , and r e (T u .. . ,T n ) = r e (T*, . . . ,T*). 
In what follows we show that || • || e is equivalent to the operator norm on B{H)^ n \ 
Theorem 2.1. If (T 1: ... , T n ) £ B{H) {n) , then 



(2.3) 



-=||[ri,...,r„]|| < \\{t x , . . . ,T n )\\ e < \\[T lt ...,T n 



where the constants and 1 are the best possible, and 



(2.4) 



r e (Tx, ...,T n )< r(Ti, . . . ,T n ). 



Proof. Let a be the rotation-invariant normalized positive Borel measure on the unit sphere 
Using the relations (see |59| ^1 



|Ai| 2 dcr(A) = — and 
n 



XiXjda(X)=0 if i^j,i,j = l,...,', 



we deduce that 



(Ti, . . . ,T n )||e = sup sup 
(>!,.. .,A„)eB n ||ft||=i 



X> T \ h > h 



vJ=l 



> sup / V aJj (t 2 t;m)<MA) 

II /j 11=1 Jai„ 

= „ su p ; E^.' 1 



i/iii=i n 



\i=l 



f 



On the other hand, we have 

HCTb • • • ! ^n)||< 



[Ti,...,t„]|| 2 , 



sup || AiTi 

(Ai,...,A„)eB„ 



< sup 

(Ai,...,An)6B„ 

= \\[T 1 ,...,T n 



1/2 



E 7 ^ 



1/2 
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Now, notice that if Si, ■ ■ ■ , S n are the left creation operators, then 

(2.0) v n 

= \\[Si,...,S n \\\ e <\\[Si,...,S n }\\-- 

This shows that the inequalities (|2.3|) are best possible. 
To prove inequality Q2.4p . notice that 



r e (Ti 



,T n ) 



sup inf 

(Xi,...,A n )£B n meN 



< inf sup 

meN (Ai,...,A„)eB„ 



1/m 



1/m 



< inf 

mGN 



sup 

(A 1 ,...,A„)6I 



< inf 

mGN 






l/2m" 


E T « T « 




\a.\—m 





E T « T « 

\a\ — m 

= r(Ti, . . .,T n ). 

Notice that the inequality (|2.4|) is strict in general. For example, we have r(Sl, . . . , £>*) = y/n and 
r e (Sl, . . . , £*) = r e (Si, ...,S n ) = l. Therefore, r e {S{, ...,S*)< r(S$, . . . , S*) if n > 2. On the other 
hand, we have equality in (|2.4|) if T, = Si, i = 1, . . . , n. Indeed, r e (Si, . . . , S n ) — r(Si, . . . , S n ) = 1. 
This completes the proof. □ 

The next result summarizes some of the basic properties of the euclidean operator radius of an 
n-tuple of operators. 

Theorem 2.2. The euclidean operator radius w e : B(J-C)( n > — > [0, 00) for n-tuples of operators satisfies 
the following properties: 

(i) w e (Ti, . . . , T n ) = if and only ifT x = ■ ■ ■ = T n = 0; 

(ii) w e (\Ti, \T n ) = \X\ w e (Ti,..., T n ) for any A G C; 

(hi) w e (Ti + T{, . . . , T n + r n ) < w e (Ti, ...,T n )+ w e {T{, T/J; 

(iv) w e (U*TiU, . . . , U*T n U) = w e (Ti, . . . , T n ) for any unitary operator U : K- — > H; 

(v) w e (X*TiX,.. .,X*T n X) < \\X\\ 2 w e (Ti,...,T n ) for any operator X : /C -> 7Y; 

(vi) IlKTx, . . . ,T„)|| e < w e (Ti, . . . ,T„) < \\(Ti,...,T n )\\ e ; 

(vii) r e (Ti, . . . ,T„) < w e (Ti, . . . , T n ); 

(viii) w e {Is ® Ti, . . . , Is <S> T n ) = w e {T\, . . . , T n ) for any separable Hilbert space £; 
(ix) w e is a continuous map in the norm topology. 

Proof. The first five properties can be easily deduced using the definition of w e . Now, notice that 

/ n \ V2 

w e (Ti,...,T n )= sup [J2\(Tih,h)\ 2 ] 



i/i|i=i 



sup sup 

||h||=i (Ai,...,A„)ei 



= sup sup 

(Ai,...,A„)GB„ ||/i||=l 

= sup w(AiTi 

(Ai,...,A„)GB„ 



E AiTj/i, h ) 
,»=i / 
+ • ■ ■ + A„T„) 
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Consequently, we obtain 

(2.6) to (Ti,...,r n ) 

It is well known that 

1 



sup w(XiTx + ■■■ + \ n T n ). 

(Ai,...,A n )6B n 



-\\X\\ <w(X) < \\X\\ and r(X) < \\X\\ 



X n T n for 



for any X G B{TL). Applying these inequalities to the operator X := \\Ti + ■ ■ 
(Ai, . . . , A„) G B„, and using relation i|2.(j[l . we deduce (vi) and (vii). 

To prove (viii), we use relation 1)2. 6)1 and the fact that the classical numerical radius satisfies the 
equation w(Ig ® X) = w(AT). Indeed, we have 

iu e (J 5 ®Ti ,...,I £ ®T n ) = sup «) /£®Va,T, 

(Ai,...,A„)6B„ \ i=1 / 

= sup w ( AiTi 

(Ai,...,A„)£B„ / 

= iu e (Ti, . . . ,T n ). 



According to (vi) and Theorem 12. II we obtain 

w e (Ti, ...,T n )< 



1/2 



□ 



Hence, we deduce that w e is continuous in the norm topology. The proof is complete. 

Corollary 2.3. IfT x ,...,T n £ B(H) [n] , then 

w e (Ti, . . . ,T„) = sup w(\\Ti H hA n T n ). 

(Ai,...,A n )SB ra 

The next result shows that the euclidean operator radius is equivalent to the operator norm and 
the joint numerical radius on B(Ti)( n \ 

Proposition 2.4. IfT 1 ,...,T n E B{H)^ , then 

(2.7) w e (Tx, . . . ,T n ) < w(T u ...,T n ) and 



(2.8) 



1 



2vV 



[Ti, ...,T n ]\\ < w e (Ti, ...,T n ) < || [Ti, . . . ,T n ] 



Moreover, the inequalities are sharp. 

Proof. Given A :— (Ai, . . . A„) G B„, define the vector z\ G F 2 (H n ) by setting 

1 



(2.9) 



16F+ 



We remark that S*z\ = XiZ\ for any i — 1, . . . , n, and ||za|| = 1- For any vector h G H, \\h\\ — I, and 
A G B„, we have 

/ n \ n 

/ ^(Si ® T*){z x <8> ft), z A <g> ft \ = ^ (z A <8> h,XiZ\ <g> Tift) 
\i=i / i=i 

= ^A, (ft, Tift) . 



UNITARY INVARIANTS IN MULTIVARIABLE OPERATOR THEORY 



25 



Since \\z\ ® h\\ = 1 and w{T u . . . ,T n ) = w(5i ® T-j* H h S n ® T*), we infer that 



sup 

X£B„ 



< w(Ti, . . . ,T n ). 



Hence, we deduce that 



1/2 



f^KTiM)! 2 ! <«;(r 1) ...,r B ). 

Taking now the supremum over all h S W with ||/i|| = 1, we obtain inequality l|2.7[) . Note that we have 
equality in (|2.7|l if TJ = i = 1, . . . ,n. Indeed w e (S±, . . . , 5„) = w(Si, . . . , S n ) = 1 (see Theorem 
I3.4f> . On the other hand, the inequality (|2.7[1 is strict if Tj = 5*, i = 1, . . . , n. More precisely, we have 

= r(5*,. . . ,5*) < . . . , S*) > w e (S*, ...,S*) = w e (Si, ...,S n ) = l. 

Combining inequality (vi) of Theorem 12 . 21 with inequality l|2.3|l . we obtain l|2.8|l . Notice also that 

w e (St, . . . , S n ) = \\[Si,...,S n ]\\ = 1. 



On the other hand, here is an example when we have equality in the first inequality of 

[0 0" 
1 



Take 



T, := j-SW, i = !,...,», where S*( 2 ) := 



It is easy to see that ||S (2) || = 1 and w(S^) = \. 



We also have 



and 



w e (T u . . . , T n ) = -^w e (S^ 2 \ . . . , S&) = w(SW) = I. 



This completes the proof of the theorem. 



□ 



Combining inequalities Ij2.7|l . 1|2.8|1 . and using Theorem II . II part (vi), we deduce that the euclidean 
operator radius is equivalent to the joint numerical radius. We obtain 

1 

w(Ti, ...,T n ) < io e (Ti, ...,T n )< w(Tt,. . . ,T n ). 



Now, we can prove the following von Neumann type inequality for the numerical range. 
Theorem 2.5. If T x , . . . ,T n £ B(H), then 

w(p(Ti,...,T n )) < \\p\\ 2 ( — ^77? TjTyT 



l-w(T u ...,T n )i 



for any polynomial p = J2\ a \< m a a e a in F 2 (H, 



Proof. According to Proposition ^. 41 we have 

1/2 

(2.111] sup I J2 \{T a h,h}\ 2 ) <r, (T„ : |n = !>') <r[T„ : \n\ k) 



\\h\\ = l 



>|=fc 



for 1 < k < m. On the other hand, the joint numerical radius is a norm (see Theorem II .10 . Con- 
sequently, using H2.10fl . the multivariable power inequality (|1.17|l . and applying Cauchy's inequality 
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twice, we obtain 



(p(Ti, ■ ■ ■ ,T n )) < Y w Y 

k=0 \|a|=fc 



E su p 



Y a a (T a h,h) 

\a\=k 



^E 

k=0 
m 

^E 

fc=0 



E i a ° 

Aa\=k 



1/2 / N 1/2' 

2 



sup ( Y, \( T cth,h)f 

Aa\=k 



\\h\\ = l 



1/2 



Y K| 2 I "IT, : n = /,! 
Ja|=fc 



< 



E 

fe=0 



1/2 



E i at 

,|a| = fc 



I 2 ««(T 1 ,...,r ri f 



1/2 



< 



E i aa i 

| a | < rn 



Yw(T 1} ...,T n ) 2k 



1/2 



\k=0 



The proof is complete. 



□ 



Theorem 12 . 51 and the .A„-functional calculus for n-tuples of operators with joint numerical radius 
w(Ti, . . . , T n ) < 1 (see Section 1) can be used to deduce the following result. 

Corollary 2.6. If T x , . . . ,T n € B(H), w(T u . . . ,T n ) < 1, and /(Si, . . . , S n ) € A n , then 

w(f(T l7 ...,T n ))< ' 



y/1 - . . . ,T n )* 

where \\f\\2 := \\f(Si, S n )(l)\\. Moreover, iff(0) — 0, then 

w(Ti,...,T n ) 



«>(/(Ti,...,T n )) < 



v/l-«;(Ti,...,T n ) 2 



/Ik 



Notice that these inequalities are quite different from the multivariable Berger-Kato-Stampfli type 
inequality obtained in Section 1 (see Corollary II. 11 Jl . 



3. Joint numerical range and spectrum 

The joint (spatial) numerical range of an n-tuple of operators (Ti, . . . , T„) € B(7i)^ is the subset 
of C" defined by 

W(T u ...,T n ):={({T 1 h,h),...,{T n h,h}): heH, \\h\\ = l}. 

There is a large literature relating to the classical numerical range (n = 1). For general proprieties, 
we refer to [21] , [13 ■ Ejj and [21] • In this section we study the joint numerical range of an n-tuple of 
operators (Ti, . . . , T„) in connection with unitary invariants such as the right spectrum o~ r (Ti, . . . , T n ), 
the joint numerical radius w(T\, . . . , T n ), the euclidean operator radius w e (Ti, . . . , T n ), and the joint 
spectral radius r(T\ , . . . , T n ) . On the other hand, we obtain an analogue of Toeplitz-Hausdorff theorem 
(|65|. on the convexity of the spatial numerical range of an operator on a Hilbert space, for the 
joint numerical range of operators in the noncommutative analytic Toeplitz algebra . 

We recall that the joint right spectrum oy(Ti, . . . , T n ) of an n-tuple (Tl, . . . , T n ) of operators in 
B(TL) is the set of all n-tuples (Ai, . . . , A„) of complex numbers such that the right ideal of B(H) 
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generated by the operators X\I — T\, . . . , X n I — T n does not contain the identity operator. Notice that 
the joint left spectrum <7;(T*, . . . , T*) is the complex conjugate of o~ r (Ti, . . . , T n ). We should mention 
the connection between the joint right spectrum of an n-tuple (Ti, . . . , T n ) and the solutions of linear 
equations of the form 

(3.1) Tixi + T 2 x 2 H h T n x n = y, 

where y S TL is a given vector. Notice that if (0, . . . , 0) ^ oy(T\, . . . , T n ) then the equation has 
solutions in H. 

For each r > 0, define 

(C") r := {(A lf . . . , A„) € C" : |Ai| 2 + • • • + |A„| 2 < r 2 } 
and let B„ := (C")i be the open unit ball of C n . 
Theorem 3.1. IfT x ,..., T n S B(H), i/ien 



(i) ^(Ti, ...,T n ) C W^i, . . .,T„) C (C") We(Ti| ^ >Tn) C (Ct;^...,^, C (C") ||[Ti 

(ii) cr r (Ti, . . . , T n ) C (C») r(Tli ... tTB) C (C«) w(Ti; ... iTn) ; 

(iii) cr r (Ti, . . . , T„) is a compact subset of C" . 



Proof. First we prove that (Ai, . . . , A n ) ^ ay(Ti, . . . , T„) if and only if there exists <5 > such that 

n 

(3.2) ^||(AV-I7)h|| 2 > 5||/i|| 2 for any /i£«. 

i=l 

Assume that (Ai, . . . , A„) (jz. o~ r (Ti, . . . , T n ). Then there exist some operators Xi £ B(Ti.), i = 1, . . . ,n, 
such that X)™=i Xifoil — ^7) = ^- Therefore, at least one of the operators Xi is different from zero 
and 

|H|<||[AV..,X n ]|| (£||(A i /-T i *)/i| 

which proves (|3.2(l . Conversely, assume that inequality p.2|l holds for some S > 0. Then ^4^4* > CC*, 
where A := [Xil — T\, . . . , \ n I — T n ] and C :— \fEl. Applying Douglas factorization theorem (20j, we 
find a contraction X : A*H -> H such that XA* = C* . Extend X to an operator X : ®? =1 H -+ H by 
setting Afc = if k 6 (A*?^)- 1 -. Since X = [Xi, . . . ,X n ] for some operators Xi € B(H), the equation 

AA* = C* implies £ (XJ - Tj)AT* = Vlf, which shows that (Ai, . . . , A n ) $ a r (Ti, . . . , T n ). 
i=i 

Now let us show that a r {T u . . . ,T n ) C W(Ti, . . . ,T n ). Notice that if (Ai, . . . , A„) e oy(Ti, . . . , T„), 
then l|3.2fl implies that there exists a sequence of vectors {h m }m=i w ^ n ll^mll = 1 an d sucn that 

n 

lim ^||(A J /-T i *)/ lm || 2 = 0. 

2=1 

Hence, we deduce that lim ((Xil — T*)/i m , h m ) — and therefore lim (Tih m , h m ) = for any 
i = 1, . . . , n. This shows that (Ai, . . . , A„) G W{T\, . . . ,T n ). 

The second inclusion in (i) is is due to the definition of w e , and the third (resp. fourth) inclusion 
is due to Proposition 12.41 (resp. Theorem 11.11 part (vii)). Now let us prove the inclusions of part 
(ii). Let (Ai,...,A„) 6 a r (Ti, . . . ,T n ). Since the left ideal of B(H) generated by the operators 
Tj — Ai/, . . . , T* — X n I does not contain the identity, there is a pure state [i on B{Ji) such that 
[i{X{T* - Xil)) = for any X e B(H) and i = 1, . . . , n. In particular, we have n(T. t ) = X t = JUT*) 
and 

ti(T a T*) = X a /i{T a ) = |A Q | 2 , a e F+ 




28 



GELU POPESCU 



Hence, we infer that 



Em 2 ) 7 = ( E mi 



l/2n 



E T « T « 



l/2r. 



< 



E T « r * 



i«i= 



l/2m 



<r(Ti,...,T B ). 



The last inclusion in (ii) is due to Theorem 11.11 part (viii) . To prove (iii) , it is enough to show 
that oy(Ti, . . . , T n ) is a closed subset of C" . Let { ( A^ m) , . . . , A^ m) ) } be a sequence of vectors in 

I J m— 1 

<7 r (Ti, . . . , T n ) such that lim A I - m ' 1 = Aj, Aj € C, for each i = 1, . . . , n. Assume that (Ai, . . . , A n ) ^ 

m — >oo 

a r (Ti, . . . , T n ) and choose m large enough such that 



1/2 



7:=*- £l*i m) -M a >0 - 



Using inequality (|3.2|l . we obtain 



E|(^ m)/ -^ 



1/2 



> 



\ 1/2 / „ \ 1/2 



h\\ 



\i=l 

>7\\h\\ 

(m) ,(m) 



for any /i S 7Y. This shows that (A^ , . . . , A„ ) ^ oy(Ti, . . . , T„), which is a contradiction. Therefore, 
we must have (Ai, . . . , A„) G 0y(Ti, . . . , T„). The proof is complete. □ 

From the proof of Theorem l3.ll we can deduce the following characterization for the right spectrum 
of an n-tuple of operators. 

Corollary 3.2. IfT\, . . . ,T n € B(Tl), then the following statements are equivalent: 

(i) (Ai, A„) £ o- r (T x , . . .,T n ); 

(ii) there exists 5>0 such that £ (XJ - Ti){XJ - T*) > ST, 

(iii) (Ai/ - Ti)B(W) + • ■ • + (X n I~- T n )B(H) = B(H). 
Another consequence of Theorem 13. II is the following result. 

Corollary 3.3. If (Ai, . . . , A„) € W{T U . . . ,T n ) and 



El* 



E T ^ 



then (Ai, . . . , A„) <E o- r (T u . . . ,T„). 



Proof. Since (Ai,...,A„) € W(Ti, . . . , T n ), there is h e H, \\h\\ = 1, such that A, = (Th,h) for 
i = 1 , . . . , n. We have 



E T ^ 



= 52\\i\ 2 = '£\{T i h,h)\ 2 

i=l i=l 
n I 7i \ 

<^2\\T i h\\ 2 \\hf<{J2 T ^i h ' h 

n 

E TiT i* 



< 
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Consequently, we must have 

\{Tih,h) | = HTi/illll/ill, i = l,...,n 

which implies T*h = for some /x, G C, i = 1, . . . , n. On the other hand, we have 

= ( T * h > h ) = (MA h) = Hi, i=l,...,n. 

Therefore, T*h = \. t h, i = l,...,n. Now, Corollary O implies (Ai,...,A„) G a r (T 1} . . . ,T n ). The 
proof is complete. □ 

Notice that if the Hilbert space H is finite dimensional and w e {T x , . . . ,T„) = || £ TiT*\\^ 2 , then 

i=l 

Corollary E3 implies a r (T u . . . ,T n ) ^ 0. 

We remark that the spectral inclusion of Theorem l3 . ll part (i) enables us to locate the right spectrum 
of the sum of two n-tuples of operators. More precisely, we have 



<7 r (Ti + T[, . . . ,T n + T' n ) C W(Ti + T[, . . . , T n + T$ 



CW(T 1 ,...,T n ) + W(T{,...,T; i ) 



^ ( ( ^™)m) c (T 1 ,...,T„)+«) c (T^...,T^)- 

Assume now that Ti, . . . ,T„ G B(Ti) are mutually commuting operators. Let 8 be a closed subal- 
gebra of B(TC) containing T\, . . . , T n , and the identity. Denote by <x(Ti, . . . , T n ) the Harte spectrum, 
i.e., (Ai, . . . , A„) G a(Ti, . . . ,T n ) if and only if 

(Ail - Tt)Xi + ■■■ + (X n I - T n )X n £ I 

for all X\, . . . , X n G B. According to |37j . the joint numerical radius has the following property; 

r(Ti, ...,T n ) = max{|j(Ai, . . . , A„)|| 2 : (Ai, . . . , A„) G a(Ti, . . . ,T n )}. 

Hence, and using Theorem II . II part (vii), we deduce that 



(3.3) a(T 1; ...,T„) C (C») r(Tl) .„ iTn) C (C n ) w{Ti _ Tn) . 

In what follows, we calculate the joint right spectrum and joint numerical range for certain classes 
of n-tuples of operators. 

Theorem 3.4. Let (Vi, . . . , V n ) be an n-tuple of operators on a Hilbert space K,. 

(i) IfVi,...,V n are isometries with orthogonal ranges, then V\V* + • • • + V n V* =/= I if and only if 



<7 r (Vi, . . . ,V n ) = W(Vl,...,V n )=M n . 

(ii) // ViV* + ■■■ + V n V* = I, then o~ r (Vi , ...,V n )C dM n and w(V u . . . ,V n ) = 1. 
In particular, if Si, ■ ■ ■ , S n are the left creation operators on the Fock space F 2 (H n ), then 



a r (Si, ...,S n ) = W(Si, ...,S n ) = (C«) We(Si) ... iSn) = (C") tt(Sii ... A) = B„. 

Proof. According to the Wold decomposition for isometries with orthogonal ranges the Hilbert 
space K admits an orthogonal decomposition K, = K, s ® JC C such that K, S ,JC C are are reducing sub- 
spaces for each isometry V\, . . . ,V n , the row isometry [Vi|/C s , . . . , V^|/C s ] is unitarily equivalent to 
[Si ® Ig, . . . , S n ® Ig] for some Hilbert space Q, and [Vi|/C c , . . . , V^l/Cc] is a Cuntz row isometry, i.e., 
Er=i(Vi|^c)(^|/C c )* = I Kc . Notice that VxV{ + ■■■ + V n V* + I if and only if Q ± {0}. 

According to the proof of Theorem 13.11 given A := (Ai,...,A n ) G B„, we have S*z\ — \z\, 
i = 1, ... ,n, where z\ is defined by (|2.9p . Therefore, if h G G, \\h\\ = 1, then 

{(Si ® Ig)(z\ ® h), z\®h) = (z\ ® h, \z\ ® h) = \i 

for any i = 1, . . . , n. This shows that 

B n C W(Si ®Ig,...,S n ®Ig)<Z W(Vi, V n ). 
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Since ||[Vi, . . . , V n ]\\ = 1, Theorem 13. II implies W(Vi, . . . ,V n ) = M n . To complete the proof of part (i), 
it is enough to prove that B n C cr r (Vx, ■ ■ ■ , V n ). To this end, let (Ai, . . . , A n ) G B„ and h G Q with 
\\h\\ = 1. Using the above-mentioned Wold type decomposition, we have 

n 

Y,\\{\iK~v:){z x ®h)\\ 2 = o. 
i=i 

Due to Corollary 13. 21 we deduce that (Ai, . . . , A„) € oy(Vi, . . . , V n ). 
To prove part (ii), fix A :— (Ai, . . . , A„) € B n . Since 



Ew 



we have 



E" 

i=l 



< llAlhll^,...,^]!! = ||A|| 2 , 
(W + A^i) <2||A|| 2 . 



Using this inequality, we obtain 



]T(a^ - ^)(aVk - vr) - X! w 2 ^ - E<W + A * y *) + E v w 

i—1 i—1 i—1 2—1 

|2 



>(||A||^-2||A|| 2 + l)^ = (l-||A|| 2 )^. 

Since ||A||2 ^ 1, Corollary 13 . 21 implies (Ai, . . . , A„) ^ oy(Vi, . . . , U„). Using part (i) of Theorem 13.11 
we deduce that oy(Vi, . . . , Ki) C 9B„. 

To prove that u>(Ui, . . . , U„) = 1, notice that the operator Z := Y17=i &i ® W i s a nonunitary 
isometry. Applying part (ii) of this theorem (in the particular case of a single isometry) to Z, we 
deduce that w(Vi, . . . , V n ) = w(Z) = 1. 

The particular case when Si , . . . , S n are the left creation operators follows from part (i) of this 
theorem and Theorem 13. II fpart (i) and (ii)). The proof is complete. □ 

We established a strong connection between the algebra F£° and the function theory on the open 
unit ball 

B„ := {(A l5 . . . , A„) G C™ : | A x | 2 + • • • + |A n | 2 < 1}, 
through the noncommutative von Neumann inequality 07] (see also |3H]> |50| - E2, and [HUD- In 

particular, we proved that there is a completely contractive homomorphism $ : — > H co (M n ) 
defined by 

[$(/(5 1 ,...,5„))](A 1 ,...,A„) = /(A 1 ,...,A„) 
for any /(Si, . . . , S n ) G and (Ai, . . . , A n ) G B„. A characterization of the analytic functions in the 
range of the map <E> was obtained in [3], and independently in |17j . Moreover, it was proved that the 
quotient F^/keiQ is an operator algebra which can be identified with W£° := P F 2( H \F£°\ F 2r Hn '), 
the compression of F£° to the symmetric Fock space F 2 (H n ) C F 2 (H n ). 

It is well-known that the joint numerical range of an n-tuple of operators in not convex in general if 
n > 2. The only known exceptions are in the commutative case, when T\, . . . ,T n are either bounded 
analytic operators or double commuting operators (see ^H]). In what follows, we show that there are 
important classes of noncommuting operators for which the joint numerical range or its closure are 
convex. 

If fi G F£° , i = 1, . . . , k, we denote by oy(/i, ■ ■ ■ , fk) the right joint spectrum with respect to the 
noncommutative analytic Toeplitz algebra F£°. 

Theorem 3.5. Let (/l, . . . , /jt) be a k-tuple of operators in the noncommutative analytic Toeplitz 
algebra Ffi° . Then the following properties hold: 

(i) W(Pp m fi\V m ,---,Pv m fk\'Pm) is a convex compact subset of C fe , where V m is the set of all 
polynomials in F 2 (H n ) of degree < to; 

(ii) W(fi, . . . , fk) is a convex compact subset of C k ; 
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(iii) (Ax, ■ • ■ , A„) ^ ov(/i, . . . , fk) if and only if there is 5 > such that 

(AiJ - /i)(Ai/ -/*) + ... + (X k I - fk)(XkI - ft) > 6 2 I; 

(iv) <J r (fi, . • . , ft) is a compact subset of C k and 



{(MX), / fe (A)) : A e B„}- C o-rih, .. . ,/ fe ) C W(fi, . . . , f k ). 

Proof. We recall that the flipping operator U £ B(F 2 (H n )) is defined by setting U(l) = 1 and 
U(e a ) = e & , where a := g im ■ ■ ■ g^g^ is the reverse of a := g^g^ ■ ■ ■ g im . If f = J2 a ew+ a " e " is a 
vector in F 2 (H n ), we denote / := J2 a e¥ + a a e a- Now, let p 7 q £ P m such that ||p||2 = \q\\2 = 1, and 
let t £ (0, 1). For each j — 1, . . . ,k, we have 

t (fciSi, S n )p,p) + (1 - t) (fj{S u S n )q,q) = t (p®fj,p) + (1 - t) (q®fj,q) 
= t (f jr p(Su . . . , MWi, ■ • • , S„)(l)) + (1 - t) {! h q{Si, . . . , S n )*q(S 1: . . . , 5 n )(l)} 
= (/,-, [tp(&, . . . , 5„)*p(5 l5 .. . ,S n ) + (1 - t)q(S u S n yq(S u 5 n )](l)} . 

Define the operator X £ B(F 2 (H n ) by setting 

AT := tp(Si, . . . , S n )*p(Si,. ..,S n ) + (l- t)q(Si,. . . , S n )*q(Si, ...,S n ) 

and notice that U*XU is a positive multi-Toeplitz operator. Applying Theorem 1.6 from to 
U*XU , we find a polynomial s £ P m such that 

U*XU = s(R 1 ,...,R n )*s(R 1 ,...,R n ), 

where Ri, . . . , R n are the right creation operators on the full Fock space F 2 (H n ). Notice also that 

\\ s \\ 2 = (§(s 1 ,...,s n y~ s (s 1 ,... : s n )(i) 1 i) 

= ([tpiSx, . . . , SnYPiSx, ...,S n ) + (l- t)q(Sx, S„)*g(5i, . . . , S n )](l), 1) 

= t\\ P \\ 2 2 + (l-t)\\qf 2 = l. 

The above calculations reveal that 

t (fj(Si, S n )p,p) + (1 - t) (fj(Si, S n )q, q) 

= (fj, U*~s{R 1: . . . , R n )*S(R u . . . , R n )U(l)) 

= (f j ,s(S 1 ,...,S n )*S(S 1 ,...,S n ))(l)) 

= (s®fj,s\ = (fj <8s,s) 
= (fj(Si, . . .,S n )s,s) , 

for any j = l,...,k. This shows that the joint numerical range of the n-tuple 
( p V m fl\' p m, Pv m fk\V m ) is convex. 

Now, we prove (ii). Let </>, ip £ F 2 (H n ) be such that \\1pW2 = \\1PW2 = 1, and define the vectors 

rP-p <f) and 4> m := — — — P-p m ip. 



— \\Pv m <i>\\ rmY rm \\Pv„M 

Notice that (pm^m S Pm and ||0 m ||2 = HV'mlU = 1 for any m — 1,2, . . .. Moreover, it is clear that 
\\4>m — 4>\\2 — > and \\ipm — 1PW2 — ► as m — > 00. According to (i), there exist polynomials s m £ P m 
with || s. m || 2 = 1 such that 

) + (!-*) (fj(Si, S n )ip m ,ipm) = (fj(Si, S n ) 
for any j = 1, . . . , k and m — 1,2 . . .. Taking m — > 00, we deduce that 

t (fj(Si, . . .,S n )(f>,<f>) + (1 - t) (fj(Si, . . .,S n )ip,ip) = Jim {fj(Si, . . .,S n )s m , s m ) 

for any j — 1, . . . , k. Therefore 



(3.4) convW(/i,...,/ fe ) C W{f t,..., f k ). 
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Now, let A,fi £ W{fa, ...J k ) and let {A( m )}^ =1 , {/^ (m) }" =1 be sequences of vectors in W(fa, . . . , fa) 
such that \( m > — > A and // m ) — > as m — * oo. Using relation l|3.4ll . we deduce that 

t\™ + (1 - t)/x (m) G IU(A,...,/ fc ). 
Taking m — > oo, we complete the proof of part (ii). The property (iii) follows from Theorem 3.3 of 

m- 

We prove now part (iv). According to Theorem 13. II ay (A, . . . , fa) is a compact subset of C fe . Let 
(Ai, . . . , An) G B„, /(Si, . . . , S„) G F£°, and p £ V . Using the properties of z x (see the proof of 
Theorem 13. Q , we have 

(f(Sx,...,S n )*z x ,p) = (z x J(g>p) =/(Ai,...,A„)p(Ai,...,A„) 
= (/(Ai,...,A„)z A ,p) 
for any polynomial p £ V . Since is dense in F 2 (H n ), we deduce that 

/(Si, . . . , S„)*z A = /(Ai, . . . , A„)z\- 
Denote /ij := fj(Xi, ■ ■ • , A„), j = 1, . . . , fe, and notice that 

k 

Y,\mi-f(Si,...,s n y)z x \\ 2 = o. 

3=1 

Since ||za|| = 1, we can use again Corollary 13.21 and deduce that (/ii, . . . ,/Ufe) £ oy(/i, ■ ■ ■ >fa)- This 
completes the proof of part (iv). □ 

The next result is a commutative version of Theorem 3.1 from The proof follows the same 

lines. We include it for completeness. 

Theorem 3.6. If A £ W^®B(H,H') and B £ W™®B(H" \H'), then there exists a contraction 
C £ W™(g>B(H,H") such that A = BC if and only if AA* < BB*. 

Proof. One implication is clear, so assume that AA* < BB*. Therefore, there is a contraction 
X : M := B*{F 2 {H n )®H') -> F 2 {H n ) ® H satisfying XB* = A*. Since B £ W™®B(H", H'), we 
have 

B{B i ®I w ,) = {B i ®I w )B, i = l,...,n, 

where B t := P F ^ Hri )Si\F 2 {H n ), i = 1, . . . ,n. Hence, the subspace M C F 2 (H n ) is invariant under 
each operator B* eg) Iu", i= 1, . . . , n. Now, we define the operators Ti := (B* ® Iw)\M., i= 1, . . . , n, 
acting from M to M Since A £ W™®B{H,H'), B £ W™®B{H" \W), and XB* = A*, we have 

<g> I n „)B*k = XB*{B* ® I H ,)k = A*(B* ® J W /)Jfe 

= (5* ® 7 H )v4*fc = (B? I n )XB*k 

for any G F 2 (H n ) ® Ti'. Hence, 

(3.5) X{Bt ® I H „) = {B* ® I H )X, i = l,...,n. 

Since F 2 (H n ) is an invariant subspace under each operator S*,...,S*, and -B* = S*|F^(if„) for 
2 = 1 , . . . , n, relation l|3.5|l implies 

[P M {S l ®Iw')\M]Y* =Y*(S l ®I n ), i = l,...,n, 

where F : AI -> F 2 (H n ) ® H and F/i = X/i for any h £ M. Since [Si ® I n », . . . , S„ <g> J w «] is 
an isometric dilation of the row contraction [Pm(Si ® 7 W //)|.M, . . . , P\f(S„ ® J^»)|jM], we use the 
noncommutative commutant lifting theorem 03] (see [51] for the classical case) to find a contraction 
C G B(F 2 (H n ) ®H,F 2 (H n )® H") such that 

{S i ®I-H»)C = C(Si®I n ), i = l,...,n, 
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and C*k — Yk — Xk for any k G M.. Hence, we have X = Pp2^ Hn ^- H C*\M and, taking into account 
that BM 1 ^ = 0. we obtain 

A = BX* = BP M C\F*(H n ) ® H 

= BP M P F 2 (Hri ^ H C*\F^(H n ) ®H = BC, 

where C := P F 2^ Hn ^ H C*\F^{H n ) ® TL. According to since C is a multi-analytic operator, 

we have C G F™®B(H,H") and therefore C G W™~®B(H : H"). This completes the proof of the 
theorem. □ 

Applying Theorem 13.61 to the particular case when Ji = Ji' and A = <Wjr2rH n ')®w, S > 0, one can 
easily obtain the following consequence. 

Corollary 3.7. Let B E W n x ®B(Ti'\TC). The following statements are equivalent: 

(i) There is D G B(F*(H n ) ® W , F*{H n ) <g> W") suc/i i/iai BL> = 7; 

(ii) There is S > sucft tfia* ||-B*fc|| > <J||Jfc||, for any k G F*(H n ) ® W; 
(hi) 2%ere is C G W™®B(H',H") such that BC = I. 

Now, we can obtain as a consequence the following corona type result for the algebra W n x (E)B(H). 

Corollary 3.8. If f u . . . , f k G <g)-B(ft), tfien i/iere exist gi, . . . , g k G W£°(§>.B(?i) sucft tfiart 

A.9i H 1- fk9k = I 

if and only if there exists 6 > such that 

hfl + ■■■ + hf* k > s 2 i. 



Proof. Take B := [/i, . . . , / k ] G ^8B(«W,H), C 



.91 



G W^°0 J B(W,H (fc )), and apply Corol- 



9k 

laryO □ 

The proof of the following result is straightforward, so we omit it. 

Lemma 3.9. Let (Ti, . . . , T n ), T, G B(H), and (Vi, . . . , V n ), V% G B(IC), be n-tuples of operators such 
thatH C /C. 

(i) IfTi = P n Vi\n, i=l,...,n, then W(T 1; ...,T n )C W(V U . . . , V n ) 

w e (Ti,...,T n ) < w e (Vx, . . . ,V n ), and w(Ti, . . . , T n ) < w(Vi, . . . , V n ). 

(ii) IfT*=V?\H, i=l,...,n, then 

a r (Ti, . . . ,T n ) C a r (Vi, . . . , V n ) and r{T x , . . . , T n ) < r(Vi, . . . , V n ). 

We recall that the Harte spectrum of a fc-tuple (<7i, • • • , <?fc), g% G W£° , relative to the commutative 
algebra algebra , is defined by 

a(g u . ..,g k ) := {(Xt, . . . , A fc ) G C" : (Xxl - gi )W? + ■■■ + (X k I - g k )W™ ? W™} . 

Here are some of the properties of the Harte spectrum of {g\, . . . , g k ). 

Theorem 3.10. Ifg 1 ,...,g k € W%° , then 

(i) (Ai, . . . , A/t) (fi o~{gi, . . . ,g k ) if and only if there is S > such that 

(Ail - 5i)(AiJ -g*) + ... + (X k I - g k )(X k I - g%) > 5 2 I. 

(ii) The Harte spectrum o~(gi, . . . ,g k ) is a compact subset of C k and 

{{ 9l (X),...,g k (\)) : XeM n }- Ca( 9l ,...,g k ). 
(hi) ^i,-..,^)C(C«) r(si ,..., Sfc) C(C™) We(ffi _ Sk) . 
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(iv) The following inclusions hold: 

(3.6) a( 9l , . . . , g k ) C f| a r {h, . . . , f k ) C f| [W(f 1: . . . , f k )} 
and 

(3.7) a(g 1 ,...,g k )CW(g 1 ,...,g k )c{^W(f 1 ,...,f k )C~(Ck) g , 

where the intersections are taken over all fa £ with P F 2^ Hn ^fi\F 2 (H n ) — g^, i = 1, . . . , k, 
and 

q := infK(/i, ...,f k ): /< G P Fi(Hn )fi\F?(H n ) = 9i , i = l,...,k}. 

Proof. Part (i) follows from Corollary 13.81 if we take fi = A,;/ — g^, i = 1, . . . , n. To prove part 
(ii), we recall that any element of W£° has the form g(B±, . . . , B n ), where g(Si, . . . , S n ) G i 7 ^ , 
£>i = P F 2(H n )Si\Fg(H n ), i = l,...,n, and <7(i?i, . . . , B n ) is defined by the F^-functional calculus for 
row contractions (see @B])- Using the proof of part (iv) of Theorem 13. 51 we have 

g{S\, . . . , S n )*z\ = g(Xi, . . . , X n )z x , 

where the vector z\ is defined by 1)2. 9fl . Since z\ G F 2 (H n ) and the symmetric Fock space is an 
invariant subspace under each operator S*,...,S*, and F^ is the WOT-closure of the polynomials 
in Si , . . . , S n and the identity, we deduce that 

(3.8) g(Bt, .... B n )*z\ = g(X 1} X n )z X - 

Let gi, . . . ,g n G W£° and denote fij := gj{X\, . . . , A„). Using relation 13.8(1 . we get 

fc 

^||(7J J .7- 5i (S 1) ... I S n r)zA|| 2 = 0. 
i'=l 

Since ||za|| = T part (i) of this theorem shows that (/ii, . . . , fi k ) G <r(<7i, . . . ,g k ), which completes the 
proof of (ii) . 

Part (iii) follows from Theorem 13.11 and the fact that, in the commutative case (see |37|V 

r(gi, ■ ■ ■ ,g k ) = sup{||A|| 2 : A G a(g 1} . . .,g k )}- 

To prove (iv), note that if A ^ |~| oy(/i, ■ ■ ■ > fk), then there exist operators /i, . . . , f k G F£° such that 
A ^ er r (/i, • ■ • , fk)- According to Theorem 13 . 51 part (iii), there is 5 > such that 

(A]7 - fx)(XiI -/!*) + •••+ (X k I - f k )(X k I - f* k ) > S 2 L 

Since F 2 (H n ) is invariant under . ..,#* and taking the compression to the symmetric Fock space, 
the latter inequality implies 

(3.9) (AiJ - gi)(\l -«£) + •••+ (X k I - g k )(X k I -g* k )> S 2 L 

Using now part (i) of the theorem we deduce that A (f. o~(gi, . . . ,g k ), which proves the first inclusion 
in 1(3.6(1 . The second inclusion is implied by Theorem 13 . II part (i). Now, notice that 

(3.10) cr(gi, ...,£*.) C o- r (gx, . . .,g k ). 

Indeed, if (Ai, . . . , A„) ^ cr r (gi, . . . , g k ), then, according to Corollarv l3.2l there is 8 > such that 1(3. 9() 
holds. Using part (i) of the theorem, we obtain 1(3.10(1 . According to Theorem 13.11 part (i), we get 
the first inclusion in ((3.7(1 . The second inclusion follows from Lemma 13.91 Once again, if we apply 
Theorem 13.11 part (i) to our setting, we deduce the last inclusion in 1(3.7(1 . The proof is complete. □ 

Notice that if B\ , . . . , B n are the creation operators acting on the symmetric Fock space, then 
Theorem 13.101 implies 

o(B u ...,B n ) =W{B u ...,B n ) =W) We (B lt ...,B n ) = W) w ( Bl ,..., Bn ) = »«• 
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4. p-OPERATOR RADIUS 

The results of this section can be seen as the unification of the theory of isometric dilations for 
row contractions [HI], |2S], [TJ, 03] , 02], 05] (which corresponds to the case p = 1) and Berger 
type dilations of Section 1 for n-tuples (Ti, ■ ■ ■ , T n ) with the joint numerical radius w(Tx, ■ . ■ , T n ) < 1 
(which corresponds to the case p = 2). Wc obtain several intrinsic characterizations for n-tuples of 
operators of class C p , present basic properties of the joint p-operator radius tu p , and extend to our 
multivariable setting (noncommutative and commutative) several classical results obtained by Sz.- 
Nagy and Foia§, Halmos, Berger and Stampfli, Holbrook, Paulsen, and others (|H], 0, 20]> Q3|> E0|' 

ESi, EH], 02, and 

An n-tuple of operators (7\, . . . , T„), T^ G B(H), belongs to the class C p , p > 0, if there exist a 
Hilbert space /C 3 7i and isometries V; G B(JC), i = 1, . . . , n, with orthogonal ranges, such that 



(4.1) 



T Q = P P H V a \H for any a G F+\{ffo}, 



where P« is the orthogonal projection of JC onto Ti. We call (Vi, . . . , V n ) a p-isometric dilation of 
the n-tuple (Tx, . . . , T n ). Notice that relation 1)4. 1|) implies that any n-tuple (Tx, ■ ■ . , T n ) of class C p 
is power bounded and r(Tx, ■ ■ ■ , T n ) < 1. We recall that an n-tuple of operators (Ti, . . . , T„) is called 
power bounded if there exists M > such that 



T n Tt 



\a\=k 



1/2 



< M 



for any k = 1, 2, 

The first result of this section provides characterizations for n-tuples of operators of class C p . We 
recall that Rx, ■ ■ ■ , R n denote the right creation operators acting on the full Fock space. 

Theorem 4.1. IfTx, . . . ,T n G B(Ti.), then the following statements are equivalent: 



(i) (Tx...,T n )eC p ; 

(ii) The inequality 



(4.2) 



(P-2) 



7 



iRi 



2Rc 



i - E ^i?, (gi 27 fc, /c \ > o 



ZioWs for any k G F 2 (H n ) 
(iii) XTie inequality 



Ti and zi € IB), i = 1, . 



. ,71. 



(4.3) 



1\ ™ 

- JEM 

p/ i=i 



•Ti+ZiRi®T*) + 



i=l 



ZiokLs for any Zi G D, i = 1, . . . , n. 
(iv) TTie spectral radius r(T\ . . . , T„) < 1 and i/ie multi-Toeplitz operator 



EE 

fe=l |a|=fe 



^ai?* ® T fi + pi + E E Zcti?Q ^ T 5 
fc=l |a| = fc 



is positive for any zi G D 
(v) TTie spectral radius r(Tx 
by 



i = 1, . . . , n, where the convergence is in the operator norm. 
■ ■ ,T n ) < 1 and i/ie multi-Toeplitz operator M r (Tx, . . . ,T„) defined 



(4.4) 



M r (T 1; ...,T„) := 



EE 

fe=l |a|=fc 



r fe i?; <g> T 5 + pi 



EE 

fe=l |a|=fc 



is positive for any < r < 1. where the convergence is in the operator norm. 
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Proof. Assume that (Ti,...,T„) G C^. Then there exist a Hilbert space K, D and isometries 
Vi G B(JC), i = 1, . . . , n, with orthogonal ranges, such that relation i|4.1|) holds. According to Lemma 
11.41 if Zi G B, i = 1, . . . ,n, then the series ^ ^ z a R a ® V? is convergent in the operator norm and 

fe=l |a| = fc 



fe=l |a| = fc V i=l 

Hence, using relation (|4.1|l and Lemma fl. 41 we deduce that 



1-^2 ZlRl ® V i 



(4.5) 



P 



1--U+- [l-J2 z i R i^ T i 



i=l 



where P F ^t H \^ n is the orthogonal projection of F 2 (H n ) ® /C onto F 2 {H n ) ® Setting y 
(I — X^r=i z «^i ® ^i*) x ' where x S F 2 {H n ) ® /C, straightforward calculations show that 

Re \ M+X^fli®*? J (l-^^OFi* 



2/, 2/ 



= Re ( ( 7 + ^ aSiJZi <g> J x, ( I - ^ 7 H Ri ® V* 

n 

^2(z t Ri(g>V*)3 



=/ 1® (/-x>i a w 

Hence and using relation l|4.5|l . we deduce that 



i=i 



x,x ) > 0. 



(4.6) 



Re 



> o 



for any y E F 2 (H n ) ® ft. If fc e F 2 (il„) <g> W, then y := (I — ££ =1 Z A ® I?) * is in F 2 {H n ) <g> W 
and inequality l|4.(j[) implies 1)4. 2f) for any e D. Now, note that relation (|4.2|l is equivalent to the 
inequality 



(4.7) 



P 



--l)Y J \z i \ 2 \\{R i ®Tt)kf+[2--) W (gziiZi®!? A.fc) < ||fc 



for any fc S F 2 (H n ) ® W and z l e 



1, . . . ,n. Moreover, the latter inequality is equivalent to 



H4.3fl . which proves that (ii) is equivalent to (iii) 

Now assume that condition (iii) holds. We show that the spectrum of the operator J27=i Zi ^i ® 
is contained in D. Suppose that there exists Ao G E ) \{0} such that A^ 1 is in the boundary of the 
spectrum of Y^i=i z iR% ® T*. Since Aq 1 is in the approximative spectrum, there exists a sequence 
{k m } C F 2 (H n ) ® 7i such that ||fc m || = 1 for any m = 1, 2, . . ., and 



lim / - A V z t R t <g> T* 

-7). — >cyci \ ( ..-J 



0. 



Hence, we have: 

(1) lim (Ao (£jLi ^ifc <8> I?) fc m , fe m ) = 1; 

m — >oq 

(2) lim || Ao (E?=i ® 2?) *m|| = 1- 
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Let < 7 < min | pr^yr^rj — 1 : « = 1, ■ • • , n| and note that to, := (Ao+7Ao)zi G D for any i = 1, . 
Since (ii)<^>(iii), we can use inequality (|4.2|) to obtain 



(P-2) 



2 Re ( 7 " E ® ^ J *m. fern ) > 



for any m = 1,2,.... Taking to — ► oo in this inequality and using relations (1) and (2), we get 
(p — 2)7 — 2 > 2. Letting 7 — > 0, we get a contradiction. Therefore, the operator I — Yl7=i ZiRi ® ^7 
is invertible for any z t e D, i — 1, . . . , n. Using Lemma ll .41 we deduce that 

r(z!T u . . . , z n T n ) = r (lL z ^ ® T ^j< 1 

and the equality (fTTTTft holds. Let y = (I - z i R i ®T*)k G F 2 (ii„) ® W, where ft G F 2 (ii„) ® W. 
The inequality 14. 2|) implies 



(4.8) 



(p-2)||y|| 2 + Re(y, 7-]Tz^®T7 y ) > 



for any y G F 2 (H n ) ® 7i and 6 D, i = 1, . . . , n. It is clear that the inequality 14. 8|) and Lemma IT~4l 
imply (iv). The implication (iv) =>• (v) is obvious. 

Assume now that condition (v) holds. As in the proof of Theorem ll.5l (the implication (hi) =>• (i)), 
one can show that 



-M r e P ® h P ' 

> P \W\<q J h\<i 



/ l/3|,l7l<<2 



where the multi-Toeplitz kernel Kx.p.r ■ x F+ — > B(H) is defined by 



I if a = /3 

i r |a\/3| (Tq,^)* ifa>/3 
otherwise. 



Now, since M r > 0, we must have [if t, p , r (a, /3)]| a |J^|<9 ^ f° r an y < r < 1 and q = 0,1,.... 

Taking r — ► 1, we get [i^T,p(a, /3)]| a |,|/3|< 9 > for any q = 0, 1, Using the Naimark type dilation 

theorem of |51|. we find a row isometry [Vi, . . . , V n ] such that condition l|4.1|l holds. This proves the 
implication (v) =>• (i) and completes the proof of the theorem. □ 

We remark that if n > 2, then (Ti, . . . ,T„) G C p does not imply that (T*, . . . , T,*) G C p . Given an 
arbitrary n-tuple of operators (T%, . . . ,T n ) and p > 0, it is easy to see that there is t > such that 
r(\Tx,...,\T n ) < 1 and 



1 1 \ wn> 

7 fc=l 

OO , 



|a|=fc 

fc/2 



7 > 0, 



where the operator M r is defined by (|4.4() . Consequently, Theorem 14.11 shows that the n-tuple of 
operators . . . , jJn) is of class C p . Following the classical case (see [HZ]), we define the map 



B(H) {n) -> [0, 00) for p > 0, by setting 



(4.9) 



Wp(Ti, . . . ,T„) := inf ^ : i > 0, ( -T x , . . . , -T„ ) G C 



1 



1 
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When p = oo, we set ojoo := lim 0J p (Ti, . . . , T n ). We present now some of the basic properties of the 

p — >oo 

joint p-operator radius. 

Theorem 4.2. Let (Ti, . . . , T n ) be an n-tuple of operators Ti 6 B{TL), i = 1, . . . , n. The p-operator 
radius has the following properties: 

(i) ujp{zTi, . . .,zT n ) = \z\ u p (Ti, . . . ,T„) for any z € C; 

(ii) \\[T u ...,T n \\\<pu p {T u ...,T n )- 

(iii) u p {T x , . . . , T n ) = if and only if Ti = ■ ■ ■ = T n = 0; 

(iv) (Ti . . . , T n ) S C p i/ and on/y i/ w p (Ti, . . . , T n ) < 1; 

(v) Woo(7i, . . . ,T„) = r(Ti, . . . ,T n ) < w p (Ti, . . . ,T n ); 

(vi) If < p < p' 7 then C p C C p ' and 



w p /(Ti, . . . ,T„) < w p (Ti, 



T 



Proof. Part (i) follows imediately from Theorem 14. II and relation l|4.9|l . If (4Ti, . . . , jT„) e C p , then, 
according to l|4.1|l . we have ||[7i, . . . ,T n ]\\ < tp. Consequently, using the definition (14. 9|) . we obtain 
the inequality (ii). Part (iii) follows from (ii), and (iv) is a simple consequence of (|4.9ll . We prove 
now (v). If t > and (±Ti, . . . , \T n ) £ C p , then r(T u . . . , T n ) < t. Hence, we deduce that 

(4.10) r(T u ...,T n ) < uj p (Ti, T n ). 

Now, we prove that if r(T\, . . . , T n ) < 1, then there is p > such (Ti, . . . , T n ) G C p . Indeed, since the 
spectral radius r(-) is homogeneous, there is t > 1 such that r(tTi, . . . , tT n ) < 1. Therefore, there is 
M > such that 



.2ft 



\a\ = k 

Hence, we deduce that, for < r < 1, 



<M, for any k = 1,2.. 



M r (Ti 



,T„)>p/-2£r fc 

OO 



|a| = fe 

fe/2 



k 



fc=l 



for sufficiently large p > 0. According to Theorem l4.1l part (v), we infer that (Ti, 
if r(Ti, . . . , T n ) £ 0, let 7 > 1 and denote 

1 



,T n )eC p . Now, 



Xi := 



i = l,. 



jr(Tx, ...,T n ) 

Since r(X\, . . . ,X n ) < 1, there is p > such that (Xi,...,X n ) £ C p , i.e., ui p (X 1 , . . . , X n ) < 1. 
Hence, w p (Ti, . . . , T n ) < jr(Ti, . . . ,T n ), for any 7 > 1, which together with (|4.1UI) imply (v). If 
r(Ti, . . . , T n ) = 0, then r(mTi, . . . , mT n ) — for any m = 1, 2, . . .. Therefore, (mTi, . . . , mT n ) € C p 
for some p > 0, i.e., uj p (Ti, . . . , T n ) < —. This implies 



lim w p (Ti, . . . ,T„ 



0. 



p — *oo 



Part (vi) follows from the equivalence (i)<£=>(ii) of Theorem 14. II The proof is complete. 
Corollary 4.3. 1J C p is dense in the set of all power bounded n-tuples of operators in B{TL). 

p>0 



□ 



Proof. If (Ti, . . . ,T n ) is power bounded rt-tuple of operators, then r(T\, . . . , T n ) < 1 and therefore 
r{sT\, . . . , sT n ) < 1 for < s < 1. According to the proof of Theorem 14.21 part (v), there is p > 
such that (sTi, . . . , sT n ) € C p . This proves our assertion. □ 
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Corollary 4.4. If (Ax, . . . , A n ), (B u . . . , B n ) £ B(H) (n) and p>\, then 

ujpiA-.Bj : i,j = l,,..,n)< p 2 u; p (A 1 , . . .,A n )oj p (Bx, . . .,B n ). 

Proof. Since p > 1, we can use Theorem 14 . 21 part (ii) and (vi), and deduce that 

uj p (AiBj : i,j = l,...,n)<ut(AiBj : i,j = l,...,n) 

< \\[A 1 ,...,A n \\\\\B u ...,B n }\\ 

< p 2 uo p {A 1 , . . . , A n )u p (B u B n ). 

More properties of the p-operator radius are considered in the following 



□ 



Theorem 4.5. Let (T X) . . . ,T n ) G B(H) {n) be an n-tuple of operators and let uj p : B(H) {n) -> [0,oo) 
be the p- operator radius. Then 

(i) u) p (U*TiU 1 . . . , U*T n U) — ujpiTi, . . . , T n ) for any unitary operator U : K. — > 7i; 

(ii) UJ p (Ti\£, . . . , T n \E) < u> p (Tx, . . . ,T n ) for any subspace E C TL invariant under each operator 



T ■ 



(hi) LO p (Ig <8> T\, . . . , Ig ® T n ) = u> p (T x , . . . , T n ) for any separable Hilbert space Q ; 
(iv) If0<p<2, then oj p is a norm on B(TL)^ n ' and 

(4.11) cj p (V*T 1 V,...,V*T n V)<cj p (T u ...,T n ) 
for any isometry V : K, — > TL. 

Proof. According to Theorem PI if (Tx,...,T n ) G C p , then the n-tuples (U*T t U, . . . ,U*T n U), 
(Tx\S, . . . , T n \S), and (Ig <g> T x , . . . , Ig <g> T n ) are of class C p . Fix (T u . . . , T n ) G B(H) and e > 0. 
According to the definition of uo p , there exists r > such that 

r < cj p (Ti, . . . ,T n ) + e 

and (iTi, . . . , iT n ) G C p . Using the above observation, we have (±U*TxU, . . . , ±U*T n U) G C p . This 
shows that 

u p (U*TxU, U*T n U) < r < uj p (T u . . . , T n ) + e. 

Taking e — > 0, we obtain 

(4.12) UpilTTtU, U*T n U) < lu p (T u . . . , T n ). 

Consequently, replacing (Ti, . . . , T„) with (U*T\U, . . . , U*T n U), we obtain the reverse inequality. 
Therefore, the property (i) holds. The properties (ii) and (iii) can be proved in a similar manner. 

To show that uj p is a norm if < p < 2, it is enough to prove that C p is a convex body in B(TL)^ . 
Let (A\, . . . , A n ), (Bi, . . . , B n ) be n-tuples of operators in C p and let a, b > be such that a + b = 1. 
Applying Theorem 14.1 1 fsee the equivalence (i)«=>(ii)) to each of the n-tuples, and summing up, we get 



2Re ■ 



1-^2 Z * R >- ® (aA* + bB*' 



> (2 - P) 



for any k G F 2 (H n ) <g> K. Since 



+ 6 



J - z i R * ®B*\k 



a\\x\\ 2 + b\\y\\ 2 > \\ax + by\\ 2 , x, y G F 2 {H n ) <g> H, 
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a + b = 1, and 2 — p > 0, the above inequality implies 



2Re 



I -J2ziRi® (aAf + bB*) 



k . k 



> (2-P) 



/ - V" z l R i <g> (aAi + bBi)*k 



i=l 



for any k S F 2 (H n ) eg) 7i. Using again Theorem 14. II part (ii), we deduce that 

a(A 1 ,...,A n ) + b{B 1 ,...,B n ) eC p . 

To prove the last part of the theorem, note that, according to Theorem 14.11 (Ti, . . . ,T n ) € C p if 
and only if the operator 

F(T X ,...,T„) :=7- (l-^JJ2& R i ® T i+ZiRi® T ?)- ^-l^J^MV® 3 * 3 ?) 

is positive for any Zi € B, i = 1, . . . , n. Notice that 

FiV^V, . . . , V*T n V) = (7 ® V"*) [F(T X) . . . , T n ) 



(70F). 



Therefore, if < p < 2, then F{V*TiV, V*T n V) > for any Zi £ D, i = 1, . . . , n. Usin g again 
Theorem O we infer that (V*T{V, . . . , V*T n V) S C p , Notice that the inequality gTT|| can be 
deduced similarly to 14.12(1 . The proof is complete. □ 



According to the noncommutative dilation theory for row contractions, it is clear that 

, 1/2 



ui(Ti, ...,T n ) 



i=i 



Wi(iJi®I? + --. + i2n®I^). 



In what follows we obtain a generalization of this fact and more characterizations for the n-tuples 
of operators of class C p . 

Theorem 4.6. Let T±, . . . , T n £ B{TL) and let S C C*(S±, . . . , S n ) be the operator system defined by 
(4.13) S:={p{S 1 ,...,S n ) + q(S 1 ,...,S n y : p,qeV n }. 

Then the following statements are equivalent: 

(i) (T l7 ...,T„) eC p ; 

(ii) Rj_ ® T* + • • • + i?„ (g) T* e C p ; 

(iii) TTie map ^ : 5 — * B{TL) defined by 



*(p(5i, .. . ,5„) + o(5!, . . . , S n )*) := p{T u ...,T n )+q(T u .. . ,T n )* + (p - l)(p(0) + g(0))7 

zs completely positive; 
(iv) TVie spectral radius r(T\, . . . , T n ) < 1 and 

n / n \ 

p/+(l-p)r^(i?*®T l + i? l ®T;*) + (p-2)r 2 7(8^7^* >0 

8=1 \ 1=1 / 

/or any < r < 1 . 
Moreover, for any Z\, . . . ,T n € B(H), 

w p (Ti, . . . ,r„) = w p ( j r 1 <g 77 + • • • + i?„ ® r*). 
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Proof. Assume that (T\,...,T n ) G C p . In the particular z G B and 

X :— Ri ® T* H h iijj ® T*, the inequality 14.2(1 from Theorem ETTl implies 

(p - 2)|| (I - zX)k\\ 2 + 2 Re ((/ - zl)fc, fc) > 
for any k G F 2 (H n ) ® 77 and z G B>. According to [SI], we deduce that A G C p . 
Conversely, assume that A G C p . Using again |64|. we have r(X) < 1 and 

OO OO 

E r k e- tke X* k + PI + J2 r k e lkB X k > 

fe=l k=l 

for any < r < 1 and 6 G [0, 2ir]. In particular, when 9 — 0, we get the inequality 

OO OO 

(4.14) E r fe iC®T a + p/ + E E r fc i? Q ®T? >0 

fc=l|a|=fc fc=l |ct|=fc 

for any < r < 1. On the other hand, Corollary 11.21 shows that r(Ti, . . . , T n ) = r(X) < 1. According 
to Theorem |4~T1 the inequality l|4.14|l implies (T 1: . . . , T n ) G C p . Therefore, (i)<^(ii). 

Now, we prove that (i)o(iii). Assume that (Ti,...,T„) G C p . Using Theorem 14.11 we have 
r(Ti, . . . , T n ) < 1 and the operator 

OO OO 

E E r k R* a ^T a+P i+j2 E rkR «®n 

k=l \a\ = k k=l \a\ = k 

is positive for any < r < 1, where the convergence is in the operator norm. This shows that, for any 
q = 0, 1, ... , the operator 

p v q ®n I E r^R* a ®T & + pI + E r\ a R a ® T*A \V q ® H 

\l<\a\<q 1<M<8 / 

is positive. Taking r — > 1, we infer that 

M M := Pp t971 E K®T & + pI+ E ® T|J |P 9 ® W 

\1<|qi|<9 l<|a|<g / 

is positive. Now, the proof is similar to that of the implication (i) =>■ (ii) of Theorem II. 31 where the 
multi-Toeplitz kernel Kt,2 is replaced by the kernel 



We leave the details to the reader. Conversely, assume condition (hi) holds. As in the proof of Theorem 
11.31 (implication (ii) (i)) one can show that the kernel Kt jP is positive. Using the Naimark type 
dilation theorem of we deduce that [Ti, . . . , T n ) G C p . 

Now, it remains to prove that (iv)<£=>(i). Note that the operator M r of Theorem 14.11 satisfies the 
equalities 

M r = (i - E rR* ® r)j + (p - 2)1 + ^1 - E rRi ® T*j 
= ( 7 - E ri? * ® *V ( J - E ri?i ^ ) ' 

where 

n / n \ 

T p , r := pi + (1 - p)r E(^* ® I< + Si <8> I?) + (p - 2)r 2 7 <g E ^ ■ 



Tp\ a 


if (3 > a 


Pi 


ifa = /3 


T a\/3 


if a > (3 





otherwise 
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This shows that the condition (v) of Theorem 14. II is equivalent to r(T±, . . . ,T n ) < 1 and > for 
any < r < 1. Therefore, (iv)<^>(i). Using the equivalence (i)<^>(ii), we deduce the last part of the 
theorem. The proof is complete. □ 

Corollary 4.7. Let (Ti, . . . , T„) be ann-tuple of operators and letw(Ti, . . . , T„) be the joint numerical 
radius. The following statements are equivalent: 

(i) TeC 2 ; 

(ii) w(T u ...,T n ) < 1; 

71 

(hi) r(T u . . . , T n ) <landJ2 (#* ® 2* + R l <8> Z?) < 21; 

i=i 

?2( 



(iv) Re MJ - J2 z iRi ® T tj k,kj>Q for any k G F 2 (H n ) <g> Ti and Zi G D. 

(v) EILi I (CRi ® fc > I < ll fc ll 2 for any k G F 2 (/f„) ® ft. 
Moreover, w 2 (Ti, . . . , T n ) = w(Tt, T n ). 

Proof. Theorem 11.81 shows that (i)<^>(ii). Consequently, using Theorem 14.21 part Civ) 14.61 fin the 

particular case p — 2) and the homogeneity of <x>2 and w, we deduce that 

u 2 (Ti, ...,T n ) = w(Ti, . . . ,T n ). 
According to Theorem^ (Ti, . . . ,T n ) G C 2 if and only if r(Ti, . . . ,T n ) < 1 and 

n 

tJ2( R t ®T l + R l ®T*)<2I 
i=l 

for any < t < 1. This proves that (i)<^>(iii). The equivalence (i)<^>(iv) is a particular case of Theorem 
14.11 C see (i)<J=>(h)). The equivalence (iv)^(v) is obvious. The proof is complete. □ 

As we have seen in this paper, an important role in multivariable operator theory for n-tuples of 
operators T :— (Ti, . . . , T n ) is played by the multi-analytic operator 

Ri®TZ + ---+R n ®T*. 

We can prove that this operator is a complete unitary invariant. More precisely, if T' := (T{, . . . , T^), 
T( G B{Ti'), is another n-tuple of operators, one can prove that T is unitarily equivalent to T' if and 

only if the multi-analytic operators Ri ® Tf H 1- R n (g) T* and R\ ® T{* + • • • + i?„ T^* are unitarily 

equivalent, i.e., there exists a unitary multi-analytic operator W from F 2 (H n ) ® 7i to F 2 (H n ) ® W 
such that 

® T* + ■ ■ • + i?„ <8> T*) = (Hi ® Tf + • • • + i?„ ® 

One implication is clear, so assume that the above equality holds. Since W is a unitary multi-analytic 
operator, we must have W — I® U* for some unitary U operator from Ti to Ti' (see Hence, and 

using the fact that . . . , R n are the right creation operators on F 2 (H n ), we deduce that UTi = T[V 
for any i = 1, . . . , n. 

The proof of the following result is similar to that of Corollary 1 1.91 We shall omit it. 

Theorem 4.8. Let (Ti, . . . , T n ) be an n-tuple of operators Ti G B(Ti) with w p (Ti, . . . , T„) < 1. Then 
there is a completely bounded map 4> : A n + A* n — ► B(Ti) such that 

$(p(S u ...,S n )+ q(Sx, S n )*) = p(T x , . . . , T n ) + q(T u . . . , T n ) 

for anyp(S\, . . . , S n ), q(S±, . . . , S n ) G T 5 , and ||$|| C p < 1 1 — Consequently, the n-tuple (Ti, . . . , T n ) 
is simultaneously similar to a row contraction. 

Corollary 4.9. If R\ ® T* + • ■ • + R n ® T* /ias the spectrum in the open unit disc, then (Ti, . . . , T„) 
is simultaneously similar to a row contraction. 



UNITARY INVARIANTS IN MULTIVARIABLE OPERATOR THEORY 



43 



Proof. Since 

r{T u ...,T n ) = r{R x ® 7? + • • • + ® T*) < 1, 

the condition (v) of Theorem 14. II holds for some large p > 0. Now, the result follows from Theorem 
PI □ 

Now, as in the case of the joint numerical range (p = 2), Theorem 14 . 81 can be used to show that if 
(Ti, . ..,T n ) G C p , then 

/(Ti,...,T n ) = hm/CrTx,...,^), 

r— >1 

where /(Si, . . . , S n ) E -4 n and the limit exists in the operator norm. Moreover, 

/(T l5 . . . ,r„) + ( P - i)/(q)j = ?iw(vi, . . . , y„)|w, 

where V%,. . .V n are the isometries from (|4.1ll . Our multivariable Berger-Kato-Stampfli type theorem 
for the operator radius u> p is the following. The proof is similar to the proofs of Theorem 1 1 . 1 Ul and 
Theorem ll.121 but uses Theorem! 



Theorem 4.10. Ifu p {Tx, .. . ,T n ) < 1 and F j € M m <g) A n with Fj(0) = 0, j = 1, . . . , k, then 

w p (Fi(Ti, . . . ,T„), . . .,F k (T u . . . ,T„)) < . . .,F k ]\\. 
Moreover, if w p (Ti, . . . , T n ) < 1 and f G A n with Re / > 0, t/ien 

ReW(/(T!,...,T„)) > (l-p)Re/(0). 

We can now provide the following power inequality for the p-operator radius. 
Corollary 4.11. // (Ti, . . . ,T„) £ B(H) {n) and p £ (0,oo), then 

u p {T a : \a\=k)<u) p (T 1 ,...,T n ) k . 
Moreover, lj^Tc : \a\ = k) = (T x , . . . ,T„) fc . 

Proof. Since w p is homogeneous, we can assume that u> p (Ti, . . . , T„) = 1. Hence, (Ti, . . . , T„) e C p 
and therefore there is a Hilbert space JC 3 Ti and Vi, . . . , V n £ B{JC) isometries with orthogonal ranges 
such that Tji = pP-HVplTL for any (3 £ F+. Notice that the operators V a , \a\ — k, are isometries with 
orthogonal ranges. Now, the above equation implies that (T Q : |a| = k) £ C p , which is equivalent to 
u> p (T a : \a\ = k) < 1. According to Theorem 14. 21 part (v), we have 

^oo(T Q : \a\ = k) = r(T a : \a\ = k) 

= r(T u ...,T n ) k =uj 00 (T 1 ,...,T n ) k . 

The proof is complete. □ 

In the commutative case, we can obtain the following characterization for n-tuples of operators of 
class C p . 

Theorem 4.12. Let Ti, . . . , T„ £ B(TL) be commuting operators and let S c C C* (B\, . . . , B n ) be the 

operator system defined by 

(4.15) S c := {?(#!, . . . , B n ) + q(B 1 , B n )* : p,q£ V}, 

where B\ , . . . , B n are the creation operators on the symmetric Fock space. Then the following state- 
ments are equivalent: 

(i) {T 1 ,...,T n )£C p ; 

(ii) The map ^ c : S c — * B(TL) defined by 

®MBi, B n ) + q(B 1 , . . . , B n )*) := p(T lt . . . ,T n ) + q{T x , ...,T n )* + {p- l)(p(0) + W))I 
is completely positive. 

(iii) There is a Hilbert space Q 3 Ti. and a * -representation 7r : C*(B\, . . . , B n ) — > B(Q) such that 

T a = pP n ir(B a )\H for any a £¥+\{g }. 
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Proof. Assume that (Tx, . . . , T n ) G C p . According the the proof of Theorem 14.11 the multi-Toeplitz 
kernel K T , P : F+ x F+ -> B(H) defined by 



K T , p (a,p) 



l p Tp\a if P > a 

I if a = /3 

±T* \ia>B 

P a\P I- 

. otherwise. 



is positive definite. Since T%, . . . ,T n are commuting operators, according to Theorem 3.3 of [Slj, there 
exists a completely positive linear map $ : C*(Bi, . . . , B n ) — > B(H) such that $(/) = / and 

*(B a ) = ~T a , o- G F+\{.g }. 

Consequently, using Stinespring's theorem, there exists a Hilbert space Q Z)7i and a ^-representation 
7r : C*{Bx, ■ ■ ■ ,B n ) -> B(H) such that (iii) holds. 

Assume now that condition (iii) holds and let Wi :— n(Bi), i — 1, . . . ,n. Since [Wx, ■ ■ ■ , W n ] is a 
row contraction, there exists a Hilbert space K. D Q and Vx, ■ ■ ■ , V n G B(JC) isometries with orthogonal 
ranges such that W* = V*\IC, a G F+. Since H C Q, (iii) implies T a = pP H V a \H, a G F+. Using 
Theorem l4.ll we deduce that (Tx, . . -,T n ) G C p , therefore (iii) =>■ (i). Now we show that (iii) (ii). 
It is clear that (iii) implies 

p(Tx,...,T n )+q(Tx,...,T n y + (p~l)(p(0)+^(J))I 

= P P h Ap{Bi, B n ) + q(Bx, B n )*]\H. 

Hence, we deduce (ii). To prove that (ii) =>• (i), note that there is a completely positive linear map 
7 : C*(Sx, ...,S n )-> C*(Bx, ...,B n ) such that ~/(S a S%) = B a B* p (see [52]). Since the map * c o 7 is 
completely positive and (^ c oj)\S = 'J, where S and *Sf are defined in Theorem 14. 61 the latter theorem 
implies (T\, . . . , T n ) £ C p . The proof is complete. □ 

The next result contains more properties for the p-operator radius. 
Proposition 4.13. (i) Let < p < p' and (T X) . . . , T n ) G B(H)<- n) . Then 

(4.16) Wp,(Ti, . . .,T„) < w p (Ti, . . . ,T n ) < - ^(T x , . . . ,T„). 

In particular, the map p <— > u) p (Tx, ■ ■ ■ , T n ) is continuous on (0, oo). 

(ii) The operator radius ui p : B(7ip n > — > [0, oo) is continuous in the norm topology of B(7ip n '. 

(iii) For any p > 7 

Wp(T x , . . . ,T„) > max jl, ^ - 1 J r(7\, . . . ,T n ). 
Proof. It is well-known (see |22j) that for any X G B(TL), 

Applying this result to the operator A := i?i ® T* -| + Rn (g) T* and taking into account that 

uj p (Tx, ...,T n ) = u p (Rx ® T* + • • • + R n ® T*) 

(see Theorem I4.6fl . we deduce (14. 161 . The continuity of the map p i— > uj p (Tx, ■ ■ ■ , T n ) is now obvious. 
According to 1)4. 16|) , we have 

\\[T 1 ,...,T n ]\\<uj p (Tx,...,T n ) < Q-l) ||[Ti,...,T B ]|| 

if < p < 1, and 

[Ti,...,T„]|| < w p (Ti, . . . , T„) < || [Ti, . . . , T n ] 



2p-l 
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if p > 1. Hence, the continuity of lo p follows. To prove (iii), we recall from |.'i2| the inequality 
w p (X) > max|l,| — ljr(A) for X G B{TL). Applying this result to the operator X and using 
Theorem 14. 61 we deduce the inequality (iii). The proof is complete. □ 

In what follows we calculate the p-operator radius for a class of row contractions. 

Example 4.14. Let (Ti,...,T n ) G B(TC)( n ' be an n-tuple of operators with || [Ti, . . . , T n ] \\ = 1 and 

T a = for any a G F+ with \a\ — 2. Then 

u p (Ti,...,T n ) = -, /or p G (0,oo), 

and LOoo(Ti, . . . , T n ) = 0. Indeed, since [Ti, . . . , T n ] is a row contraction, there is a Hilbert space K. 3 TL 
and Vi, . . . ,V n G B(IC) isometries with orthogonal ranges such that Tp = PnVp\H. for any (3 G F+. 
Set Xi :— pTi, i — 1, . . . , n, and note that the condition T a = if \a\ =2 implies 

Xp = pTp = pP H Vp\H 

for any [3 G F+\{go}- Therefore, (Xi,...,X n ) G C p , i.e., u> p {X\, . . . , X n ) < 1, which implies 
oj p (Ti, . . . , T n ) < i The reverse inequality follows from Theorem \4-S\ part (ii). Now, it is clear 
that 

a7oo(Ti, . . . ,T n ) = lim w p (Ti, . . . ,T n ) = 0. 



Part II. Joint operator radii, inequalities, and applications 

5. von Neumann inequalities 

In this section, we prove von Neumann type inequalities 66 for arbitrary admissible or strongly 
admissible operator radii uj : B(Ti)^ — > [0, oo). We show that, given a row contraction [Ti, . . . ,T n ], 
an inequality of the form 

w(/i(T l5 . . . , T„), . . . , f k (T u ...,T n ))< uihiSu ...,S n ),..., f k (Sx, . . . , S n )) 

holds if . . . , S n ), ■ ■ ■ , fk(Si, . . . , S n ) belong to operator algebras or operator systems generated 

by the left creation operators Si , . . . , S n and the identity such as the noncommutative disc alge- 
bra A n , the Toeplitz C*-algebra C*(Si, . . . , S n ), the noncommutative analytic Toeplitz algebra F£° , 
the noncommutative Douglas type algebra T> n , and the operator system (F^ )* . The operator 
fj{T\, . . . , T n ) is defined by an appropriate functional calculus for row contractions. Actually, we 
obtain matrix-valued generalizations of the above inequality. 

Let lj :— {lo-h,ii\ (H is any separable Hilbert space and n = 1,2,...) be a family of mappings 
w n ,n : B(H)W -I [0,oo). If (Ti, . . . ,T„) G B(W) (n) we denote u(T u ...,T n ):= w«,„(Ti, . . . ,T„). We 
say that u is a joint operator radius if, for any (Ti, . . . ,T n ) G B(7ip n \ 

(i) u(Ti, ...,T n ) = w(T CT (x), . . . , T CT („)) for any permutation a : {1, . . . , n} -> {1, . . . , n}; 

(ii) «(Ti,...,T„,0)=w(Ti,...,T n ) . 

A joint operator radius u> is called admissible if, for any (Ti, . . . , T n ) G B(H)^ n \ it satisfies the following- 
properties: 

(iii) w(U*TiU, . . . , U*T n U) = w(Ti, . . . , T n ) for any unitary operator U : JC -> W; 

(iv) w(7g ® Ti, . . . , 7g ® T„) = w(Ti, . . . , T n ) for any separable Hilbert space Q; 

(v) o;(Ti|A<, . . . , T n \M) < w(Ti, . . . , T n ) for any invariant subspace M CTt under each operator 
T\,...T n - 

A joint operator radius w is called strongly admissible if it satisfies the properties (iii), (iv), and 

(V) w(Pa4Ti|7W, . . . , Pa4T„|A4) < w(Ti, . . . , T„) for any (Ti, . . . , T n ) G B(W) (n) and any closed 
subspace M QTL. 
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We remark that one can easily prove that conditions (iii) and (v') hold if and only if 

u(y*T x V, V*T n V) < w(Ti, . . . , T n ) 

for any (Ti, . . . ,T n ) 6 B{7i)^ and any isometry V : K — ► TL. Obviously, any strongly admissible 
radius is admissible. 

We say that a joint operator radius uj : B(K)^ — ► [0, oo) is norm (resp. strongly, ^-strongly, 
weakly) quasi- continuous if, for any b > 0, the ball 



{(T 1 ,...,T n )eB(lC)«> : w(T ls ...,T n )<6} 



is closed in the product topology of B{JC)^ n \ where B{1C) is endowed with the norm (resp. strong, 
^-strong, weak) operator topology. 

Proposition 5.1. (i) The joint operator radii || • ||, || ■ || e , w(-), w e (-), r(-), r e (-), and lo p {-), 
< p < 2, are strongly admissible; 

(ii) TTie joint operator radii || • ||, || • || e , id(-), and iu e (") are WOT quasi- continuous; 

(iii) T/ie joint operator radius to p (-), {p > 0), is admissible and *-SOT quasi- continuous. 

Proof. Part (i) of the theorem concerning u>(-), w e (-), and w p (-), < p < 2, follows from Theorem 
11.11 Theorem 12.21 and Theorem 14.51 respectively. To prove that || • ||, || • || e , r(-), and r e (-) are 
strongly admissible is a simple exercise, so we leave it to the reader. Now we prove (ii). For each 
i=l,...,n, let {T^} a( zj be a net of operators in B(TL) which is WOT convergent to Ti € B(H). If 
|| [T[ a \ T 7 [ a) }\\ < 1 for any a e J, then 



; : < ||(/li,...,ftn)||||*|| 

k »=1 

for any h\, . . . , k € 7i. This implies that p\, . . . , T„] is a contraction, which proves that || ■ || is 
WOT quasi-continuous. Similarly one can prove that || • || e is WOT quasi-continuous. 

Now, assume that w(T[ a \ . . . ,T^) < 1 for any a e J. According to Theorem ll.il part (vi), we 
deduce that ||T/ a ^|| < 2. Since the net {T t {a) } aeJ is WOT convergent to 7(, it is also w*- convergent to 
Ti. This is equivalent to the WOT convergence of the net {/ ® T t {a) } ae j to I®T t . Therefore, the net 

{Ri ® T> ' } a £j is WOT convergent to Ri ® T* for t = 1, . . . , n. Using Corollarv l4.7l we deduce that 
w(T\, . . . , T„) < 1, which proves that the joint numerical range is WOT quasi-continuous. Similarly, 
one can prove that the euclidean numerical radius is WOT quasi-continuous. 

To prove part (iii), notice first that u> p {-) is admissible due to Theorem l4.5l Now, assume that the 
net {T i (Q) *} QeJ is SOT convergent to T* for each i = 1, . . . , n, and uj p {T[ a \ . . . , T^ a) ) < 1. According 
to Theorem 14.21 we have ||t/ q ' ) || < p. Since the map A > / ® A is SOT-continuous on bounded 
subsets of B(H), we can use Theorem l4.1l fthe equivalence (i)o(ii)) to deduce that (Ti, . . . , T n ) e C p . 
Consequently, Theorem 14 . 21 implies u> p (Ti, . . . , T„) < 1, which completes the proof. □ 

We need to recall from a few facts about noncommutative Poisson transforms associated with 
row contractions T := [Ti,...,T„], Ti £ B(H). For each < r < 1, define the defect operator 
A r := (I - r 2 TiT£ — ■ ■ ■ — r 2 T n T*) 1 / 2 : . The Poisson kernel associated with T is the family of operators 
K T , r : H -> F 2 (H n ) ®H, < r < 1, defined by 

OO 

K T , r h := ea r ' a ' A '' T " /l ' h e H - 

k=0 \a\=k 

When r = 1, we denote A := Ai and Kt '■= Kt,i- The operators Kt,t are isometries if < r < 1 
and 

K* T K T =1- SOT- lim V T a T*. 

\a\=k 
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This shows that Kt is an isometry if and only if T is a Co-row contraction (01]), i.e., 

SOT- lim V T a T* = 0. 

\ a \=k 

A key property of the Poisson kernel is that 

(5.1) K T) r(r |Q| T*) = (S* a ®I)K T , r 

for any < r < 1 and a G F+. If T is Co-row contraction, then equality 1)5. l|l holds also for r = 1. In 
|52| . we introduced the Poisson transform associated with T := [Ti, .. . ,T n ] as the unital completely 
contractive linear map $t : C*(Si, . . . , S n ) — > B(Tt) defined by 

(5.2) $ T (/):=lim^ (f ® I)K T , r , 

r— >1 

where the limit exists in the norm topology of B(TC). Moreover, we have 

&T(S a Si)=T a T$, a,f3e¥+. 

When T is a completely noncoisometric (c.n.c.) row-contraction, i.e., there is no h G Ti, h ^ 0, such 
that 

^ ||T>|| 2 = ||/.|| 2 , for any fe = l,2,..., 
\a\=k 

an T^-functional calculus was developed in More precisely, if / = a aS a is in then 

oo 

(5.3) $ r (/3 - /(Ti, . . . ,T„) := SOT- lim V V r^a a T a 

r—>l * — * * — * 
fc=0 |a| = fc 

exists and $t : — ► B(TC) is a WOT-continuous completely contractive homomorphism. More 
about noncommutative Poisson transforms on C*-algebras generated by isometries can be found in 
0, H3], |53, and [SHI. 

I what follows we will see that the Poisson transform <J>t can be extended to the noncommutative 
analytic Toeplitz algebra F£° by the formula (|5.2|l . where / G F£° and the limit is taken in the SO- 
toplogy. Moreover, Qt\F,T coincides with the F^°-functional calculus. Let T n be the operator system 
defined by 

T n :=span{/ 5 * : f,g&F™}. 

Assume that T := pi, . . . ,T„], Ti G B(H), is a Co-row contraction and let <&t : F n — * B(H) be the 
linear map defined by 

(5.4) 9 T (fg*):=f(T 1 ,...,T n )g(T 1 ,...,T n y, f,g&F™, 
where /(Ti, . . . , T„) and g{T\, . . . , T„) are defined by formula l|5.3|l . 

Throughout this section, lo : B(K.)^ — > [0, oo) is a joint operator radius, where K, is a separable 
Hilbert space. For each p G N := {1,2, . . .}, let M v denote the p x p complex matrices and set 
®T, P ■= Im p ® $T- 

We present now von Neumann type inequalities for arbitrary admissible or strongly admissible joint 
operator radii. 

Theorem 5.2. Let T := pi, . . . , T n ], Ti G B{TL), be a Co-row contraction and let lo be a joint operator 
radius. 

(i) If $t is the F£° -functional calculus for Co-row contractions and lo is admissible, then 

(5.5) to ([$t, p (Ti)]*, [<i>T,p(TU]*) < w (-F*) • • 
/or any Ti, . . . , F k G M p <g> , and p G N. 
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(ii) The map <$>t defined by l|5.4|l is a united completely contractive linear map which extends the 
F^ -functional calculus for Co-row contractions, and we have 

(5.6) <5> T {fg*) = K T {fg* ®I)K T , f,geF™, 

where Kt is the Poisson kernel associated with T. Moreover, if lo is strongly admissible, then 



(5.7) w (*t, p (*i), • ■ ■ , $T, P (X k )) < w (X lt ...,X k ) 
for any X%, . . . , X}~ 6 M p (8 T n , and p e N. 

Proof. Since T is Co-row contraction, equality 15.1fl (case r — 1) implies 

(5.8) ^(p(5i, . . . , S„) (8 J w ) = p(T x , . . . , T„)X? 

oo 

for any polynomial p(Si, . . . , S n ) € P. According to if /(Si, . . . , S n ) ■= Yl a aS a is in F£° , 

fc=0|a|=fc 

oo 

then, for any < r < 1, f r (S\, . . . ,S„) := Y] Yl r'"'a a S a is in the noncommutative disc algebra 

k=0 \a\=k 

An and ||/ r (Si,...,S n )|| < ||/(Si,...,S n )||. Since 

m 

lim Y, E rl a la a S Q = / r (Si,...,S n ) 

fc=0 |a|=fc 

in the norm topology, the noncommutative von Neumann inequality (see Corollary 1 and relation 
15.8|l imply 

K^(f r (S u ...,S n )®I n ) = f r (Ti, . . . , T n )K* T 
for any /(Si, . . . , S n ) £ -F^°. Using the F^-functional calculus (see 15. ty ) and taking r — > 1 in the 
above equality, we obtain 

(5.9) #t(/0Si, ■ ■ ■ . 5„) ® /«) = /(T l5 . . . , T„)^ 

for any /(Si, . . . , S n ) € where /(2~i, . . . , T„) is defined by formula (|5.3|) . Hence, we deduce that 



# T 
if T 










K T 



[^-(Ti,...,T n )] 



pxp 



\[fij(Si, ■ ■ ■ ! S„)]* xp < 



X T 
if T 








K T 



for any operator matrix [/y (Si, . . . , S„)] pxp G M p ®F™. Let K T : ?*Cp) -> [F 2 (JJ„) ®W]<» denote the 

p-fold ampliation of the Poisson kernel Kt- Since Kt is an isometry, the above equation shows that the 
operator matrix [/y (Ti, . . . , Tn)] pxp is unitarily equivalent to the restriction of [/ij(Si, . . . , S n ) 



to its invariant subspace Kt^H.^')- Taking into account that 

$t, p \ [fij(Si, . . . , S n )] pxp J = [fij(Ti, . . . ,T n )] pXp 
and uj is an admissible operator radius, we have 

uj ([$ T)P (Fi)]*, . . . , [QtAW) = oj ((J? ® 7 w )|^t(W (p) ), ■ • • , (i£ ® / w )|^t(W (p) ) 

< oj(F*® I n ,..., f;®I h ) 
= oj(F*,...,F^) 

for any F±, . . . , G M p p £ N. This completes the proof of part (i) of the theorem. 
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To prove part (ii), note that relation l|5.9|l implies 

(5.10) K*[f(S ± , S n )g(S 1 , . . . , S n )* ® I H ]K T = f(T u . . . , T n )g{T u . . . , T n )* 

for any f(Si,...,S n ), g(Si, . . . , S n ) € F£° , which proves l|5.t)[) . Since Kt is an isometry, it is clear 
that <&t is a unital completely contractive linear map. Moreover, using relation l|5.10|) . we get 

kftXj ® i h )k t = $t, p ( x j) 

for any Xj G M p J = 1, . . . , fc, and p G N. Hence, and taking into account that u) is strongly 
admissible, we deduce that 

u ($t, p (Xi), • • • . *T, P (X fe )) = (8 J w )#t, . . . , i^(X fe (8 I w )#t) 

<uj{Xi®I H ,...,X k ®I H ) 
= u(X 1 ,...,X k ). 

This completes the proof of the theorem. □ 

We remark that the map <I>t defined by (|5.4|l can be extended to a completely contractive linear 
map from B(F 2 (H n )) to B(H) by setting 

§t{X)=K?t(X®I)Kt, X £ B(F 2 {H n )). 

OO 

If [Xi, . . . , T n ] is a row contraction and /(Si, . . . , S^) := ^2 S a a^a is in we denote 

ft=Q|a|=fc 

CO 

f r (Ti, . . . ,T n ) S a « r ' Q ' r «' 0<r<l, 

fc=0 |a|=fc 

where the convergence is in the operator norm topology. 

Lemma 5.3. // [Ti, . . . ,T n ], Ti G B(7i), is a row contraction, then 

(5.11) K^ r (f(S u . . . ,S n ) ® I H ) = f r (T u . . . , T n )K^ r 
for any /(Si, . . . , S n ) G i 7 !^ and < r < 1. Moreover, if T is c.n.c, then 

(5.12) /(T l5 . . . , T n ) = SOT- lim r (/(5i, . . . , S n ) ® 

r— >1 ' 

/or anyf(Si,...,S n )€FSr. 
Proof. The relation (|5.1|) implies 

(5.13) «r,r[p(5i, ■ ■ • , 5 n ) ® /«] - p(rT ly . . .,rT n )K^ >r 

for any polynomial p(S±, . . . , S n ) in "P. If < t < 1, then /t(Si, ■ ■ ■ , <SVi) is in noncommutative disc 
algebra *4„ and 

lim V tl 0, la a S a = / t (5i,... J S n ), 

m — >oc * * 

| a | < tn 

where the convergence is in the operator norm. Since [rT± , . . . , rT n ] is a Co-row contraction, the 
noncommutative von Neuman inequality implies 



lim V t\ a \r^a a T a = f t (rT u ...,rT n ) 

i. — >nc> ' * 



m—*oo 

| a | < m 

in the operator norm. Using now relation (|5.13|) where . . . , S n ) :— ^ t^a a S a and taking 

| q| <m 

limit as tn —> oo, we get 

(5.14) Kt,tV*( S i> ■■■,Sn)®lH) = ft(rTi,.. . ,rT n )K* T>r , 
Let us prove that 

(5.15) l^^ 7 *' ' ■ ' ' rT «) = ^(Ti> ■ ■ - 
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where the convergence is in the operator norm. First, notice that, if e > 0, there is mo G N such that 



latter inequality implies 



2 < §, where ||/||2 := 11/(51, . . . , 5„)(1)||. Since [Ti, . . . ,T n ] is a row contraction, the 



k—mo 



|a|=ft 



1/2 



< E ^ I E m 2 

la|=fe 



/ oo 



< ii/ii' < 

\k=m / 



Consequently, we have 



fc=0|a| = fc fc=0 |a|=fc 



< 



r rep — 1 

E E r k (t k -l)a a T a 

k=l \a\=k 
m — 1 



< e ^-1)11/11 



fe=i 



m — 1 



Now, it clear that there exists < 5 < 1 such that r fc (i - 1)||/||2 < § for any i € ((5, 1). This 

k=l ' 

proves relation (|5.15|l . Since SOT-lim ft(Si, . . . , S n ) = /(Si, . . . , S n ), we can use relation (|5.15|) and 

then take the limit in l|5.14|l . as t — > 1, to obtain relation l|5.11|l . The last part of the lemma follows 
from relations (|5.11|) and l|5.3l) . The proof is complete. □ 

Under the additional condition of norm quasi-continuity of the joint operator radius, we can prove 
the following result. 

Theorem 5.4. Let T := [T\, . . . ,T n ], G B(H), be a row contraction, <£>t be the Poisson transform 
associated with T , and let lo be a joint operator radius. 

(i) If lo is norm quasi- continuous and admissible, then 

(5.16) u ([*r^(w, ■ . [*T*mr) < *> (*? > • •• . F k) 

for any Fx, . . . , F k G M p <g> An, and p G N. 

(ii) If to is norm quasi- continuous and strongly admissible, then 

(5.17) uj ($t, p (*i), • ■ • , $T, P (X k )) < lo {X u ...,X k ) 
for any X\, X k G M p ® C*(S\, S n ), and p G N. 

Proof. According to Lemma 15.31 we have 

(F(Si, ...,S n )*® I)K T ,r = K T ,rF{rT u rT n )* 

for any F — F(Si, . . . , S n ) := [/^(Si, . . . , <SVi)Wp G M p ® ^4„, where J^r,r is the ampliation of the 
Poisson kernel Kt, t - Since Kt, t is an isometry and lo is admissible, we have 



u(F 1 (rT 1 ,...,rT n y 



F k (rT u ...,rT n )*) 

= lo [{Ft ® 2)|jT T , r (wW), . . . , (j p* g, j)|^ Tjr ( W W)) 

< ® /,..., F* <g) J) 
= w(*?,...,iS) 



for any Ft, ■ ■ ■ ,F k G Af p (g) _4„, and peN. According to relation (|5~2|) . Fj (rTi, . . . , rT n ) -> $ T , P (Fj) 
in the operator norm as r -> 1. Consequently since w is norm quasi-continuous the above inequality 
implies (|5.16|) . This completes the proof of part (i) of the theorem. 
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Let us prove part (ii). Since to is strongly admissible and Kx. r is an isometry, we have 
w(^, r (Xa ® I)K T}r , K^ r (X k ® I)K T ,r) < u{Xi ® 7, . . . , X fe ® /) 

= w(Xi,...,JC fc ) 

for any Xi, . . . , X^ 6 M p ® C*(Si, . . . , S n ). Now, using relation H5.2[l . the norm continuity of u>, and 
taking r — * 1, we deduce inequality l|5.17[) . The proof is complete. □ 

Consider the linear span 

V n := span {/(Si, . . . , S n )S* : /(Si, . . . , S n ) G a G F+} . 

We remark that the norm closed non-self adjoint algebra generated by the noncommutativc analytic 
Toeplitz algebra F.^° and the C*-algebra C*(Si, . . . , S n ) coincides with the norm closure of V n . In- 
deed, since C*(S%, . . . , S n ) is the norm closure of polynomials of the form ^a a pS a S*^, it is clear 
that f(Si,...,S n )Y G P„ for any f(S u ...,S n ) G F£° and F G C*(Si, . . . , S„). To show that 
y/(Si, . . . , S n ) € 2? n , it is enough to prove that 

S*f(S 1 ,...,S n )eV*+F™. 

Since 

n 

/(Si, . . . , S n ) = Si(fi(Si, S„) + a I 

i=l 

for any j = 1, . . . , n, for some elements <fi{S\, . . . , S n ) G and ao G C, and taking into account 
that SiS* = SijI , i, j — 1, . . . ,n, we have 

Sj f(Si, . . . , S n ) = aoS* + ifj(Si, . . . , S„), 

which proves our assertion. We can view 2?„ as a noncommutative Douglas type subalgebra (see |21j1 
of B(F 2 (H n )). Let T := [Ti, . . . ,T n ], T, G B(H), be a c.n.c. row contraction and define the linear 
map $ T : V n + D* -> by setting 

(5.18) $t(/(Si, • • • , 5„)S* + S^(Si, . . . , S„)*) := /(T x , . . . , T n )T* + Tftg{T u . . . , T n f 
for any /(S x , . . . , S n ),g(S x , . . . , S n ) G F„°°, and a,j9 G F+ 

Theorem 5.5. Let T be a c.n.c. row contraction and let oj be a joint operator radius. The map $t 
defined by l|5.18[) can be extended to a unital completely contractive linear map from the norm closure 
ofV n +V* n to B{H) by setting 

(5.19) $ T (X) := WOT-limi^JX® I)]K T ,r, X eV n +V* nl 

r— * 1 ' 

where {KT, r }o<r<i is the Poisson kernel associated with T. 

(i) If to is *-SOT quasi- continuous and admissible, then 

(5-20) w (pr^i)]*, ■ ■ • , [^T,p(F fe )]*) < w (f?, . . . ,F fc *) 

/or any F x ,..., F k eM p ® F£° , and p G N. 

(ii) 7/w is S'OT quasi- continuous and strongly admissible, then 

(5.21) w ($T, P (>i), . . • , $T )P (n)) < w (Vi, . . . , Y k ) 

for any Yi,...,Y k G M p ® X> n) and peN. 

(iii) // w is WOT quasi- continuous and strongly admissible, then inequality (|5.21[1 /iota's /or any 
Yi, . . . , Y k G M p <g> X> n +V* n , and peN. 

Proof. According to Lemma EH we have 

(5.22) K^ r (f(S u S n )p(S u ...,S n )*® I n )K T ,r = fr(T u . . . ,T n )p r (T u . . . ,T n )* 
for any /(Si, . . . , S„) G and any polynomial p G T 5 . Since 

||/ r (Ti,...,T n )|| < ||/(Si,...,S„)|| for any < r < 1, 
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and p r (T±, . . . , T n ) — » p(Tx, . . . , T n ) in norm as r — > 1, one can use relations l|5.3|) and (|5.22|) to deduce 
that 

(5.23) SOT- lim K Tr [f(S u S n )p(Si, ...,S n )*® In] K T , r = /(T x , . . . , T n )p{T u . . . , T n )* 
Hence, we obtain 

WOT- lim F T ,. [( g (5 x> . . . , S n )g(S u . . . , S„)* + f(S 1; . . . , S n )p(S x , . .., S n )*) ® J w ]ifr,r 

(5.24) 

= g(T l5 . . . ,T n )g(Ti, . . . ,T„)* + /(Ti, . . .,T n )p(T x , . . . ,T n )* 

for any f,g£ F™ and p,q £ V. This shows that the linear map $t '■ D n + ^ - * B(Ti.) defined by 
1)5. 18|) is completely contractive and the limit in (|5.19|) exists for any X £ T> n + 2?* . 

Now, we show that the limit in 15.19fl exists for any X £ T> n + 2?*. Let {A m }^ =1 be a sequence 
of operators in V n + V* n such that X m — > X in norm as m — * oo. Since $|(2?„ +25*) is a completely 
contractive linear map, we have 

||$r(Ap)-$(Jf m )|| < ||X p -X m ||, p,meN, 

which implies that {$r(X m )}^ =1 is a Cauchy sequence in the operator norm. Therefore, there exists 
Y £ B(TL) such that <I>r(A m ) — > Y - in norm asm-* oo. Note that, for any h,k £ Tt, we have 

\{K^ r XK T ^ r h,k) - (Yh,k)\ 

< \(K^ r (X-X m )K T , r h,k)\ + \{K^ r X m K T , r h,k) - {$ T (X m )h,k)\ 
+ \{$ T (X m )h,k)-{Yh,k)\. 
Assume that h ^ 0, fc ^ 0, and choose too such that 

II A m - X\\ < I and ||$(X m ) -Y\\< 



3\\h\\\\k\\ 1 ^ 11 - 3\\h\\\\k\\ 

for any to > toq. According to relations (|5.24|l and i|5.18[) . we can find < 6 < 1 such that 

\{K^ r X m K T>r h,k) - (<Z> T (X m )h,k)\ < | 

for any r £ (J, 1). Now, the above inequalities imply 

\(K^ r XK T , r h,k) - (Yh,k)\ < e 
for any r £ (5, 1). This proves that 

lim r XK T , r h, k) = {Yh, k) , h,k£H. 



Therefore, the limit in (|5.19|) exists for any X 6 23 n + 2?* and <&t is a completely contractive linear 
map. Similarly, using equation l|5.23[) instead of (|5.24() . one can prove that 

(5.25) l T (I) = SOT- lim r [X ® I)]K Tr , for any X € V n . 

T— Vl 1 

Now, to prove (i), notice that Lemma 15 . 31 implies 

K T A®T,p(( F )rW = (F* ® / W )«"T,r 

for any F = [/ij] p xp € Af p <g> F^°, where F r := [(fij)r]pxp> < r < 1. Since u) is admissible, the latter 
equality implies 

"([*T,p ((^l)r)]*, • • • , [*7> ((^),)]*) < ® In, ■ ■ ■ ,K ® I«) 

(5.26) , , 

= W (F*,...,F,?) 

for any Fx, . . . , Ft £ M p ® and p€ N. According to the -functional calculus for c.n.c. row 
contractions, [$x,p ((Fj) r )] is SOT convergent to [&T,p(Fj)] as r — *• 1. Since co is *-SOT quasi- 
continuous, inequality 15.26|l implies l|5.20[l . 

Let us prove part (ii) of the theorem. Since u> is strongly admissible and Kx. r is an isometry, we 
have 

w(«£, r (Fl ® 2)/?T,r, ■ ■ ■ , ^T, r (Yfe <8 /)«"T,r) < ® 2, . . . , Yfe <8> 2) 

= u(Y u ...,Y k ) 
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for any Y%, . . . , Y). £ M p £g> T> n and p £ N. Consequently, using relation i|5.25[l and the SOT-continuity 
of u>, we deduce inequality l|5.21[l . The proof of part (iii) is similar to that of part (ii) but uses relation 
(|5.19() instead and the WOT-continuity of cu. The proof is complete. □ 

Corollary 5.6. If X e V n , then 

$ r m = SOT- IwiKtJX® I)]K Tr . 

r— >1 ' 

Moreover, the map defined by (|5.19(l extends the F£° -functional calculus for c.n.c. row contractions 
and the Poisson transform defined by (15.2(1 . 

6. Constrained von Neumann inequalities 

If a row contraction [Xi, . . . ,T n ] satisfies certain constrains, we prove that there is a suitable in- 
variant subspace E C F 2 (H n ) under each operator S*, . . . , £*, such that an inequality of the form 

w(/i(T x , . . . ,T n ), . . . , f k (T u . . . ,T„)) < u{Peh{S u . . . , S n )\£ , . . . , P £ f k (S u . . . , S n )\£) 
holds, where u> is an admissible or strongly admissible joint operator radii. 

This type of constrained von Neumann inequalities as well as matrix- valued versions are considered 
in this section. In particular, we obtain appropriate multivariable generalizations of several von 
Neumann type inequalities obtained in gS], [58], E2], E2, EH, EE!, E0|, E2, 0, 0, and [53] . to 
joint operator radii. For example, if [T x , . . . , T n ] is a row contraction with commuting entries, then we 
prove that 

w(Ji{T x , . . . ,T„), . . . , f k (T x , ...,T n ))< uj(fi(Bi, . . . , B n ), . . . , f k (B u . . . , B n )) 

if fx(Bx, . . . , B n ), . . . , fk(B%, . . . , B n ) are elements of operator algebras such as the commutative disc 
algebra A^, the Toeplitz C*-algebra C*(Bi, . . . , B n ), Arveson's algebra W%°, the commutative Dou- 
glas type algebra 2?£, and the operator system W£°(W£°)* . The operator fj(T x , . . . ,T„) is defined 
by an appropriate functional calculus for row contractions with commuting entries. 

Let H be a separable complex Hilbert space, J be a WOT-closed two-sided ideal of F£°, and let 
T := [Ti, ... , T n ], Ti E B(H), be a Co-row contraction such that 

tp(T x , . . . ,T n ) = 0, for any <p(Sx, . . . , S n ) S J. 

Denote by the WOT-closed algebra generated by the operators Bi := Pj^f jSi\J\fj , i = 1, .. . ,n, 
and the identity, where 

Afj :F 2 (H n )QMj and Mj := JF 2 (H n ). 
Notice that Mj := {<p : <p(Si, . . . , S n ) e J}" " 2 where tp := <p(Si, ■ ■ . , S n )(l), and 

Mj= f| ker^(S-i,...,5 n )*. 

tp£ J 

We proved in (3] that 

(6.1) WT = PsfjF™\Afj = {/(Si, . . . , B n ) : /(5i, . . . , S n ) e F™}, 

where f(B x , . . . , i? n ) is defined by the i^-functional calculus for Co-row contractions. Moreover, the 
map $^ : Wf -> B(TL) defined by 

(6.2) ^(f(B 1 ,...,B n )) :— f(Ti, . . . , T n ) 

is a WOT-continuous, completely contractive homomorphism (see Section 4 of PJ), which we call the 
Wj°-functional calculus. Now, consider the operator system defined by 

W J n := span{/(£?i, . . . , B n )g(Bi, . . . , B n )* : f(B u . . . , B n ), g{B x , . . . , B n ) € 

Let $y : W„ 7 — > B(H) be the linear map defined by 

(6.3) *r[/(Si, ■ • -,B n )g{Bii ■ ■ .,£»)*] := /(H, . . .,T n )g{T x , ...,T n )*, 
where /(Ti, . . . , T„) and ^(Ti, . . . ,T n ) are defined by formula l|5.3|l . 
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In what follows, we obtain constrained von Neumann inequalities for arbitrary admissible (resp. 
strongly admissible) joint operator radii. 

Theorem 6.1. Let lo be a joint operator radius, J be a WOT-closed two-sided ideal of F£° , and let 
T := [Ti, . . . , T n ], Ti G B{TL), be a Co-row contraction such that 

tp(Tx,...,T n ) = 0, <p(Sx, . . . ,S n ) e J- 

Then, the map & T defined by (16. 3[) is a unital completely contractive linear map and 

(6.4) mf{Bx, . . . , B n )g(B u . . . , B n )*) = K T [f(Sx, S n )g(Sx, S n )* ® I]K T 

for any /(Si, . . . , S n ), <?(<Si, . . . , S n ) G F£° , where Kt is the Poisson kernel associated with T. 

(i) If to is admissible, then 

(6.5) u([*h P (Fi)]*,---,lH i p(W) <u(FZ,...,F£) 

for any Fx, . . . , F k G M p <g> Wf , and peN. 

(ii) If to is strongly admissible, then 

(6.6) u ($t, p (Xi), $T, P (X k )) < u> (Xx, ...,X k ) 
for any Xx, ■ ■ -,X). G M p ® W^, and p eN. 

Proof. According to Theorem 15. 21 fsee relation (I5.9[l h we have 

(6.7) ({y>(Sx, S n )* ® I)K T h, 1 <8 k) = {K T f(Tx, . . .,T n )*h, 1 <8 k) 

for any <^(Si, . . . , S n ) G F%° and h,k eH. Note that if <p(Si, . . . , S n ) G J, then ip(T x , ...,T n ) = 0, 
and relation (|6.7|l implies (Kxh, ip ® fc) = for any h,k e H. Taking into account the dehnition of 
A^j, we deduce that K T {H) CA/}®H. This implies 

(6.8) K T = {P Mj ®I H )K T . 

Since J is a left ideal of , Aj is an invariant subspace under each operator S*, . . . , S* and 
therefore B a = Pu,S a \Nj, a G F+. Since [Bx , . ■ ■ , B n ] is a Co-row contraction, we can use the 
F^°-functional calculus to deduce that 

(6.9) f(Bx,...,B n ) = P Mj f(Sx,...,S n )\Afj 

for any /(Si, . . . , S n ) G F™. Taking into account relations l|5.9|l (see Theorem l5~2"jl . (|6.8|) . and (|6.9|l . 

we obtain 

#r/(Ti, . . . ,T„)* = [P Uj ® I n ) [f(Sx, ■ ■ ■ , S n )* (8 J„] (Pv, O J w ) # T 
= [(Pao/C-Si, ■ ■ ■ , S»)|A/"j)* ® /w] 

= [/(Pl,...,P n )*® J„]X T . 

Therefore, we have 

(6.10) K T f(Tx,...,T n )* = [f(Bx,...,B n )*®I H ]K T 
for any /(Pi, . . . , P n ) G Hence, we obtain 

(6.11) /(Ti, . . . , T„) ff (Ti, . . . ,T n )* = K* T [/(Pi, . . . , B n )g(Bx,. . . , P„)* ® J w ] Af T , 
which proves relation l|6.4|) and that is a unital completely contractive linear map. 

To prove part (i) of the theorem, notice that relation (|6.10l) implies 

(6-12) K T [f l3 {Tx, T n )]* pxp = ([/^(Pi, . . . , B n )]* pxp ® I n ) K T , 

where Kt is the p-fold ampliation of Kt- Since Kt is an isometry, u> is admissible, and 

®T,p ([fij(Bx, ■ ■ ■ , B n )]pxp) = [fij(Tx, ■ ■ • , T n )]p Xp , 
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one can use relation i|tj.l2fl to deduce that 

w {[®t, p (Fi)Y [*tAf*)Y) = " (i F i ® Ih)\k t {hM), ...,{f;® i H )\k T {n^)) 

<uj(F* ®I H ,...,F%®I H ) 
= u;(F*,...,F*) 

for any F x , . . . , F k £ M p W^ , and peN. 

To prove the last part of the theorem, notice that relation Ijti.llfl implies 

$t, p PQ = k* T {x®i n )k T 

for any X £ M p ® and peN. Since w is strongly admissible and Kt is an isometry, we have 

w (^ iP (Xi), . . . , $£ p (X fe )) = w (^(Xx <g> 7 W )# T , . . . , K* T (X k ® J w )#r) 

<cj(Xi0 I H ,...,X k ®I H ) 
= u;(X 1 ,...,X k ) 

for any Xi, . . . , Xfc € M p ® W^, and peN. The proof is complete. □ 

Let us remark that the map defined by JO) can be extended to a completely contractive linear 
map from B(Nj) to B(H) by setting 

We consider now some examples. 

Example 6.2. In the particular case when n = 1, i* 1 ] 50 can be identified with the classical Hardy 
algebra H°°(B). It is well-known (see |26| ) i/iai any w* -closed ideal J of H°° is generated by an inner 
function u £ H°°(W), i.e., J — uH°°(H>). In this case, we have 

Afj = H 2 e uH 2 = keru(S')*. 

Let T £ B(Ti) be a c.n.u. contraction such that u{T) = 0. Then, according to |64| . T is of class C.q, 
which in our notation means T £ Co. If lu is a strongly admissible operator radius, then applying 
Theorem \6.1\ to T, we obtain 

(ra m \ / m m \ 

3=1 3=1 / \j=l 3=1 / 

for any functions fj, gj, . . . , Xji ipj G -ff°°(ID>), m € N, where B := i 3 kor«(s)**S'| keru(S*)* and S is the 
unilateral shift on the Hardy space H 2 . In the particular case when k = 1, m = 1, and a; is i/ie 
operator norm on B(H), we get 

\\f(T)g(Ty\\<\\f(B)g(By\\ 
for any f,g£ H°° . When g — 1, we find the constrained von Neumann inequality obtained by Sz.-Nagy 

Example 6.3. Let J m be the WOT-closed two-sided ideal of F£° generated by the monomials S a for 
a £ F+ with \a\ = m. It is easy to see that J\fj m — V m -i, the set of all polynomials in F 2 (H n ) of 
degree < m — 1. Let T :— [T\, . . . , T n ] be a row contraction such that 

T a = for any a £ F+ with \a\ = m. 
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Since T is clearly a C'o-row contraction, one can apply Theorem \6.1\ to T and J m . Therefore, if u is 
a strongly admissible operator radius, then 



. |a|,|/3|<m-l |a|,|/3|<m-l 



\|a|,|/3|<m-l |a|,|/3|<m-l J 

where S\ m) := Pp m ^Si\V m — ij i — 1, ... ,71, are the truncated left creation operators acting on r P r a—\- 

Now, let J s be the WOT-closed two-sided ideal of F£° generated by the commutators SiSj — SjSi, 
i, j — 1, . . . , n. Notice that if J := J m + J s , then 

Mj = J s F 2 (H n )\J J m F 2 (H n ) 

and j\fj = F 2 (H n ) C\V m -i, where F 2 (H n ) C F 2 {H n ) is the symmetric Fock space. Now, assume that 
T := [Ti, ... , T n ] is a row contraction such that T{Tj = TjTi for any i, j = 1, . . . , n, and T a = for 
any a € F+, \a\ = m. Then we can apply Theorem \6.1\ to T and the two-sided ideal J and obtain 
a commutative version of the above inequality. More precisely, the operators s\ m \ i = 1, . . . ,n, are 
replaced by the mutually commuting operators 

Z\ m) := Pp^nv^SilF? (H n ) n V m -i, i = 1, . . . ,n. 

Example 6.4. Let W£° be the WOT-closed algebra generated by the operators 

Zi := P F 2 {Hn) S t \F 2 {H n ), i = l,...,n, 

and the identity on the symmetric Fock space F 2 (H n ). Fix an operator tp(Si, . . . , S n ) € F£° and let 
let T := pi, ... , T n ] be a Co-row contraction such that T{Tj — TjTi for any i, j — 1, . . . , n and 

ip(T u ...,T n ) = 0. 

Let J v be the WOT-closed two-sided ideal of F£° generated by (p and let J VtS := J v +J s . Straightforward 
computations reveal that 

X/„ s = F 2 (H n ) f| j f| ker^(Si, . . . , S n )* 
= keT(p(Zx, Z„)*. 

Here, we used the fact that the symmetric Fock space is invariant under each operator S*, . . . , S* and 
Z\, . . . , Z n are mutually commuting. Now, we can apply Theorem \6.1\ to our setting and obtain the 
inequality 



UJ 



E /?'( Tl ' • ■ ■ ' T n)9j{Ti, ■ • ■ , T n )*, . . . ,^2xj( T U ■ ■ ■ , r„)^j(Ti, . . . , T n 



for any elements fj,gj, - ■ ■ , Xji i>j € F£°, m £ N, and 

Bi := PkeT< P (z 1 ,...,z n )'Zi\keTip(Zi, Z n )*, i = l,...,n. 

In the particular case when k = 1, m = 1, and co is the operator norm on B(H), we get 

\\f(T 1 ,...,T n )g(T 1 ,...,T n y\\ < \\f(B 1 ,...,B n )g(B 1 ,...,B n y\\ 

for any f,g(z F£° . This inequality is a multivariable commutative version of the constrained von 
Neumann inequality obtained by Sz.-Nagy |62j (case n = 1 and g = I). 
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In what follows, we need the following result. 

Lemma 6.5. Let J be the WOT-closed two-sided ideal of generated by some homogenous poly- 
nomials qi, . . . , qd G V . IfT:= [Ti, . . . , T„], Ti G B(H), is a row contraction such that 

qj(Ti,...,T n ) =0, j = l,...,d, 

then 

(6.13) K* T ^f(Bi, . . . , B n ) ® I H ) = / r (T x , . . . , r B )jrf P 
/or any /(Si, . . . , S„) G T^° and < r < 1. Moreover, if T is c.n.c, then 

(6.14) /(Ti, . . . ,T„) = SOT- lim K* r (f(B u . . . ,B n ) <g> 7 w )K T) r 

r— >1 ' 

/or anyf(Si,...,S n )€FZ>. 

Proof. According to Lemma 15.31 we have 

(6.15) [/(Si, ...,£„)* ® /«]^T,r = K T , r f r {T u . . . , T n )* 
for any /(Si, . . . , S n ) G and < r < 1. Hence, we deduce that 

(6.16) {K T , r k,v®h) = {k,<p r {T u ...,T n )A r h) 

for any <p(Si, . . . , S n ) G J and h,k £ H. Since the F£°- functional calculus is a homomorphism and 
qj are homogenous polynomials such that qj{T\, . . . ,T n ) = 0, j = 1, . . . , d, we have 

(6.17) (fqj)(rT u . . . , rT n ) = r deg ^/(rTi, . . . , rT„)fc (Ti, . . . ,T„) = 

for any /(Si, . . . , S„) G and j = 1, . . . , d, where deg (qj) denotes the degree of the polynomial qj. 
On the other hand, J is the WOT-closed two-sided ideal of F£° generated by qi, ... ,qd, and the F£°- 
functional calculus for Co-row contractions is WOT-continuous. Consequently, since [rTi , . . . , rT n ] 
is a Co-row contraction, relation l|6.17|l implies ip(rTi, . . . , rT n ) = for any ip(S\, . . . , S„) G J and 
< r < 1. Hence, relation (|6.16|l implies (K T ^ r k, (p ® h) = for any <p(Si, . . . , S„) G J and h,k G 7Y. 
Since : tp(Sx, . . . , S„) G J} is dense in ./Vf j, the latter equality shows that 

(6.18) K Ttr (H)CAfj(g>H 

for any < r < 1. Now, relations (|6.15(l . I|6.18jl . and lj6.9j) imply 

KrMn, ...,T n )* = [P Nj ® I H ) [/(Si, . . • , S n )* ® I w ] (ify, ® In) Kt, t 
= [f{B u ...,B n f ®I H ]K T ,r, 
which proves relation l|6.13|l . Notice that relation l|6.13|l implies 

(6.19) f r (T 1 ,...,T n )=K* jr [f(B 1 ,...,B n )®I H ]K Ttr . 

If [Ti, . . . , T n ] is a c.n.c. row contraction, then the F^°-functional calculus implies 

SOT- lim / r (Ti, . . . , T n ) = /(Ti, . . . , T n ), 

r—*l 

which together with l|6.19|l imply relation (|6.14() . The proof is complete. □ 

Let be the norm closed algebra generated by Bi := P^fjSi\Afj, i — 1, . . . ,n, and the identity 
Itfj ■ We denote by B the linear span of {B a Bp : a, (3 G F+} and by B its norm closure. 

Under the additional condition of norm quasi-continuity of the joint operator radius, we can obtain 
more constrained von Neumann inequalities. 

Theorem 6.6. Let lo be a joint operator radius, J be the WOT-closed two-sided ideal of F£° gen- 
erated by some homogenous polynomials qi, . . . , qd G V . Let T := [Ti, . . . , T n ], Ti G B{TL), be a row 
contraction such that 

qj(Ti,...,T n ) = Q, j = l,...,d. 

Then there is a unital completely contractive linear map §^:B^ B(H) such that ^(B a B*) = T a T* p , 
a, f3 G F+. Moreover, 

(6.20) <S>i(X) = YanK* Tr (X®I H )K T ,ri X G B, 

r— >-l ' 
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where the convergence is in the operator norm topology, and {-Kr,r}o<r<i is the Poisson kernel asso- 
ciated with T. 

(i) If lu is norm quasi- continuous and admissible, then 

(6.21) w(fe™*,..-,[^, P (W) <«>(f;,...,fz) 

for any Fx , . . . , F k G M p ® A J n , and p G N. 

(ii) J/w is norm quasi- continuous and strongly admissible, then 

(6.22) ^(^(X!),...,^^)) <^(X 1; ...,X fc ) 
/or any X\, . . . , X k G M p ® B and peN. 

Proof. According to Lemma 16.51 we have 

(6.23) K* T r (B a B* ® ZwJifr.r = rW+^Tyz^ 

for any a,/3 G F+ and < r < 1. Since Fr,r is an isometry, relation 1(6. 23|) implies 

(6.24) \^a aP T a T*^<\^a a[ ]B a Bl 

for any a a pB a B*„ G S. Moreover, the von Neumann type inequality (|6.24l) implies the existence 
of a unique unital completely contractive linear map $^ : B — > B(H) such that ^^(B a B^) = T a Tp, 
a, (3 € F+. The proof of (|6.2U|) is similar to that of Theorem 3.8 from [52]. We shall omit it. 
Now, let us prove part (i) of the theorem. Since A J n C Wf = Pj^jF^°\Afj, Lemma f6 . 51 implies 

(6.25) K T . r F(rT x , . . . , rT n )* = [F(B 1 , . . . , B n f <g> /„] J? T) r 

for any F{B\, . . . , B n ) := [/y (_Bi, . . . , B n )] pXp G Af p ® .A^, where Kr, r is the ampliation of Kr,r- 
Since Kt, t is an isometry and u) is admissible, we have 

w(Fi(rTi, . . . ,rT n )*, . . . , F k {rT u . . . , rT n )*) 

= lu (Vi(Bi, . . . , B n )* <g> 7 w )|/? T , r (wW), . . . , (F fc (Bi, . . . , B n )* ® Ih)\KtAK {p) )) 

< Lo{F 1 (B 1 ,...,B n )* ®I n ,...,F k (B 1 ,...,B n y ®Ih) 
— u}(Fi(Bi, . . . , B n )* , . . . , Fk(Bi, . . . , -B ra )*) 

for any Fi(Bi, . . . , B n ), . . . , F k (Bi, . . . ,B n ) G M p 0.4^, and peN. According to relations (|6.25l) and 
16.20(1 . we have 

lim F^rTi, . . . , rT n ) = lim K^ r [F(B u . . . , B n )* ® 7 w ]if T , r = JF,), 

where the convergence is in operator norm topology. Consequently, since lu is norm quasi-continuous 
the above inequality implies (|6.21(l . This completes the proof of part (i) of the theorem. 
Let us prove part (ii). Since to is strongly admissible and Kx, r is an isometry, we have 

to(K* T AXi ® In)K T ,r, ■ ■ • , K* T AX k ® I H )K T ,r) < "(Xi ® /«, . . . ,X k <g> I H ) 

= u(Xi,...,X k ) 

for any Xl , . . . , X k G M p ® i3. Now, using relation (|6.2U|) , the norm continuity of u> , and taking r — > 1 , 
we deduce inequality (|6.22(l . The proof is complete. □ 

Let T := [2i, . . . , T n ], Tj G B(H), be a c.n.c. row contraction and let J be a WOT-closed two-sided 
ideal of F£° such that 

(f(Ti, . . . ,T n ) = 0, ip(Sx, . . . , S n ) G J. 

Let 

2?^ := span {/(B x , . . . , £? n )B* : . . . , S n ) G F~, a G F+} 

and define the linear map <J>^ : X>;{ + (D^)* — > 5(H) by setting 

(6.26) H(f(Bi, S n )S* + B^g(B 1 , B n )*) := /(T 1; . . . , T„)T* + T^(T l5 . . . , T n )* 
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for any f(S u S n ), <?(Si, . . . , S n ) € F™, and a,0 G F+. 

Theorem 6.7. Let u be a joint operator radius and J be the WOT-closed two-sided ideal of 
generated by some homogenous polynomials q±, . . . ,q<j £ V . Let T := pi, . . . , T n ], T± G B(Ti), be a 
c.n.c. row contraction such that 

qj(Tt, . . . ,T n ) = 0, j = l,...,d. 

Then, the map $^ defined by (|6~2l)j> can be extended to a unital completely contractive linear map 
from the norm closure ofV J n + (V J n )* to B(H) by setting 

(6.27) ®t(X) := WOT-limiT* [X® I)]K T>r , X £Vi + {V J n )\ 

r— *1 ' 

where {i^T,r}o<r<i * s the Poisson kernel associated with T. 

(i) If u is *-SOT quasi- continuous and admissible, then 

(6.28) w ([^(fi)]*, [^(F*)]*) < w (F*, . . .,f]f) 

/or ant/ i^, . . . , F fc G M p ® ITf , and peN. 

(ii) 7/ a; is SOT quasi- continuous and strongly admissible, then 

(6.29) w (^(Yi), . . . , s^Q-i)) < w (yi, . . . , r fc ) 

for any Y\, . . . , Y k G M p <g> and p G N. 

(iii) J/ a; is WOT quasi- continuous and strongly admissible, then inequality l|6.29|l holds for any 
Yi,...,Yk G M p ® Xtf + (X>;0*, p G N. 

Proof. According to Lemma 16.51 we have 

(6.30) KtM(B u . . .,B n )p(Bi, ■ ■ .,B n )* <8 J w )tfT,r = /r(T X) . . .,T n )p r {T x , . . . ,T n )* 
for any /(Si, . . . , S n ) G and any polynomial p€ P. Since 

||/r(r lj ...,r n )||<||/(Bi,...,S n )|| for any < r < 1, 

and p r (Ti, . . . , T„) — > p(Ti, . . . , T n ) in norm as r — > 1, one can use relations (|5 . 3|) and (|6.30(l to deduce 
that 

(6.31) SOT- lim K* Tr [f{B u B n )p(Bi, B n )* <g> 1^]^, = f(Ti, T n )p{T u T n )* 

Hence, we obtain 

WOT- lim XJ, [(9(^1, . . . , B n )g{B 1 , . . . , B„)* 

(6.32) + f( Bl , B n )p(B u B n )*) J w ] i^T.r 

= q(Ti, ■ ■ .,T n )g(Ti, . . .,T n )* + /(Ti, . . .,T n )p(T 1: . . . ,T n )* 

for any f,g G F£> and p,q eV. This shows that the linear map $ T : V J n + (D^)* ->■ B(H) defined 
by 16.26|l is completely contractive and the limit in l|6.27|l exists for any X G T>£ + (T>^)* . The rest of 
the proof is similar to that of Theorem 15. 51 We shall omit it. □ 

Corollary 6.8. If X EV£, then 

$tP0 = SOT- lim KtJX® I)]K Tr - 

T— >1 ' 

Remark 6.9. Let J s be the WOT-closed two-sided ideal of F£° generated by the homogenous polyno- 
mials 

{SiS-j - SjSi : i, j = 

It is easy to see that the subspace Afj s is equal to the symmetric Fock space F^(H n ) C F 2 (H n ). Let 
T := [2i, . . . , T n ], Ti G B{TL), be a row contraction such that 

TjTj — TjTj il i, j — 1, ... j ti. 
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Then Theorem W. 61 can be applied to the n-tuple T . As a particular case, if ui is norm quasi- continuous 
and strongly admissible operator radius, we obtaind the following inequality 

(6.33) w (J2 a apT a Tp a™T a T$) < U (]T a$B a I%, . . . ]T a<$B a B*) 

for any polynomias a aj3 B a B h 3 = • • • > k > in C*(Bi,..., B n ), where B l := P F 2 (Hri) Si\F^(H n ), 
i = 1, ... ,7i, are are the creation operators on the symmetric Fock space F^{H n ). We should remark 
that when k = 1 and u> is the operator norm the inequality (|6.33[) was obtained by the author in |52) 
and Arveson in |S] . 

We also remark that ifT is a Co- (resp. c.n.c.) row contraction, one can apply Theorem \6.1\ (resp. 
Theorem \6.'I\ ) to T and obtain commutative versions of these theorems. 

7. MULTIVARIABLE HAAGERUP-DE LA HARPE INEQUALITIES 

In [21], Haagerup and de la Harpe proved that any nilpotent contraction T S B(TL) with T m = 0, 
m > 2, satisfies the inequality 

sup | (Th, h) | = (j(T) < cos . 
\\h\\=i m + 1 

We apply the results of the previous sections to obtain several multivariable generalizations of the 
Haagerup-de la Harpe inequality. Using a result of Boas and Kac as generalized by Janssen , 
we also obtain an epsilonized version of the above inequality, when one gives up the condition T a = 0. 
This extends a recent result of Badea and Cassier [7j, to our setting. 

First, we prove the following nilpotent dilation result, which extends a result of Arveson 0], to our 
multivariable (noncommutaive and commutative) setting. 

Theorem 7.1. Let m > 2 be a nonnegative integer and let [T±, . . . ,T n ], Tj G B(Ti), be an n-tuple 
of operators. The following statements are equivalent: 

(i) There exist a Hilbert space K, D H and a row contraction [N±, . . . , N n ], Ni G B(fC), such that 
N a = for any a G F+, \a\ = m, and 

(7.1) p(T 1 ,...,T n )=P n p(N l ,...,N n )\H for any P eV m -i\ 

(ii) There is a Hilbert space Q such that TL can be identified with a subspace ofV m -\ ® Q o,nd 

(7.2) p{T x ,...,T n ) = P H p{S { ™ ) ®Ig,...,S^®Ig)\H for any P eV m -u 

where Sj := Pv m - 1 S l \V m -\, i = l,...,n; 

(iii) The multi-Toeplitz operator 

(7.3) Yl R * ®T & + I(g>I+ R a ®Ta 

l<\a\<m-l l<|a|<m-l 

is positive. 

If T\ , . . . T n are mutually commuting operators, then the above statements are also equivalent to 

(iv) There is a Hilbert space Q such that H can be identified with a subspace ofV^-i ® Q and 

(7.4) p(T u ...,T n ) = P nP (B[ m) ®I g ,...,B^ ®I g )\H for any p e V m -i, 
where B\ m) := P v ^^ i S i \r^ l _ 1 , i=l,...,n, and V 1 s n _ 1 := P F ^ Hn ){V m -i) . 

Proof. Assume that condition (i) holds. According to Theorem 1 1.51 we have 

r lal R* a ®N & + I+ r^R a ®Ni>0 

l<\a\<m—l l<|e»|<m— 1 
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for any < r < 1. Taking r — > 1, we get (iii). Since the implication (ii) =>• (i) is clear, it remains 
to prove that (iii) (ii). To this end, we assume that the multi-Toeplitz operator given by l|7.3[) is 
positive. Define the linear map 

$ : span{Sl" l) : |a| < m - 1} -> span{T Q : \a\ < m - 1} 

by setting <S>(S { a m) ) = T a , |a| < m - 1, where sf™' := Pp^SilPm-i, i = l,...,n. In what 
follows, we prove that $ is completely contractive. Define the sequence of operators Ar a \ := T a if 
< \o\ < m - 1 and A {a) := if |<r| > to. Consider the multi-Toeplitz kernel K : F+ xF+^ P(ft) 
defined by K(go, cr) = K(a,go)* := ^4( CT )- As in the proof of Theorem 1 1.51 one can show that condition 
(iii) implies the positivity of the operator M q := [K(oj, cr)]| w M CT i< g for any q = 1, 2, . . ., i.e., the kernel 
K is positive definite. According to Theorem 3.1 of |51|. there is a completely positive linear map 
\i : C*(Si, . . . , S n ) — ► -B(W) such that fi(S a ) = A/ CT ) for any cr g F+. Since //(/) = I, fi is completely 
contractive. Therefore, /iq := /i|*4n is completely contractive and 



fi>o{S a ) = 




if |cr| < m- 1 
if | cr | > to. 



Note that /Jo is not multiplicative (in general T a ^ if |(t| > to). However, since ^o(^) = 0, 
where J is the two-sided ideal generated by {S a : |a| = to}, /io induces a completely linear map 
fio : A n / J — > -B(7i) such that 

Ao(^o- + ■/)== Itrj |ct|<to-1. 

On the other hand, according to Theorem 4.1 of 3 , the linear map 

* : span{Sl m ) : \a\ < m - 1} -> A/J 

defined by ^(Si ) = iS Q + J, |a| < m — 1, is completely isometric and onto the quotient An/ J. 
Since $ = fi ° ^, it follows that $ is completely contractive. Since $(/) = /, Arveson's extension 
theorem shows that $ has a completely positive extension $ to C*(s[ m \ . . . , S n m ^). By Stinespring's 
theorem, there exists a representation ir : C*(s[ m \ . . . ,3^) — ► P(/C) such that $(a;) = P-h7t(:e)|H 
for any x 6 C*(S' 1 m \ . . . , S n )■ Note that if p, 9 are polynomials in F 2 (H n ), then 

(7.5) pOSi, . . . , S n )P c q(Si, . . . , 5„)*e = (£, q(Si, S n )(l)) p(5i, . . . , S„)(l) 

for any £ € F 2 (H n ), where P c = I - S]5J 5„5*. The operator p(5 x , . . . , S n )P c q(Sx, S n )* 

has rank one and takes q into ||<7||p. If p, q are polynomials in V m -i and since V m -i is an invariant 
subspace under each operator S*, . . . , S n , we deduce that 

p(^ m) , . . . , ^)(7 - sl ro) S} m) * S^S^*)q(Si m) , . . . , Si" 1 ')* 

is a rank one operator acting on V m -\- Therefore, C*(s[ m \ . . . , si™" 1 ) = B(V m -i) and, consequently, 
7r must be unitarily equivalent to a multiple of the identity representation. In particular, we have 

T a = P n n(SW)\H = Pn(Si m) ® J e )|W 

for any \a\ < to — 1, where £7 is a separable Hilbert space. 

Now, assume that Ti, . . . ,T n are commuting operators. As in the noncommutative case, but now 
the ideal J is replaced by the two sided ideal generated by {S a : |a| = to} and the commutators 
SiSj — SjSi, i,j = 1, . . . , 71, we find a ^-representation ir : C*(B[ m \ . . . , B n m ^) — > -B(/C) such that 
*(a;) = Pwtt(x)|W for any z G C*(sJ m) , . . . ,Pi m) ). 

On the other hand, taking the compresion of 17.511 to V^-i := PF 2 (H n ){Pm-i) and taking into 
account that the subspace is invariant under each operator S*,...,S*, we infer that 

C*{B ( r\...,B n m )) = B{V s m _ l ). 
Now the result follows, as in to the noncommutative case. This completes the proof. □ 



02 



GELU POPESCU 



Corollary 7.2. If the multi-Toeplitz operator defined by condition (|7.3|) is positive and lj is any 
strongly admissible operator radius, then 



w(pi(Ti, . . . ,T„), . . . ,_p fc (Ti, . . . ,T„)) < u(pi{S[ 



(m) 



,Pk(S[ 



(m) 



.4 m) )) 



/or any polynomials pi, . . . ,pk G V m -\. If, in addition, T\, . . . T„ are mutually commuting operators, 
then 



u{ Pl {Tx, . . . ,T n ), . . . ,p*(Ti, ...,T n ))< Lu( Pl (B[ m \ . 



(m) 



,^i m) ))- 



We remark that in the particular case when [Ti , . . . , T n ] is a row contraction such that T a = for 
any a G F+ with \a\ — m, we already obtained more general inequalities in Example 16.31 

Let jS^" 1 ) be the m-dimensional shift on C m , given by the matrix 

/0 ••• 0\ 
1 ••• 
1 ••• 



••• 
\0 ■■■ 10/ 



It is well-known (see E3, EH) that 



(7.6) 



;(S {m) ) = 



cos ■ 



m + 1 



and (S^ 711 ^, £) = cos ^nrj-, where the vector £ = (£ , • • • , £ro-i) G C m is given by 
(7.7) 



2 . fcm 
■ sin ■ 



fc = 0, 1, . . . , m — 1. 



m + 1 m + 1 

In what follows, we obtain a multivariable version of formula l|7.6[) . 

Theorem 7.3. Lei S*| m ' := Pp„ l - 1 Si\V m -i, i — 1, 2, . . . , n, be the truncated left creation operators 
acting on the set of all polynomials in F 2 (H n ) of degree < m — 1. Then the joint numerical range 
W(S\ m ',... , Sn ^ ) is a convex compact subset of C n and 



(7.8) 



(S[ m \...,S^) = w(S[ m \...,S^) = 



(m) 



COS ■ 



m + 1 



Proof. The fact that the joint numerical range W(s[ m \ . . . , Sn™') is a convex compact subset of C™ 
is a consequence of Theorem 13 . 51 part (i). Now, notice that Sa 7 ^ = for any a G F+ with |a| = to, 
and consequently 

(Si ® S[ m) * + ■ ■ ■ + S n <g> Si m >) m = 0. 

Applying Theorem 17.11 (when n = 1) to the operator T := 5i ® S'{ m ' 1 * + •• • + ® S n m ^* acting on 
7Y := F 2 (H n ) £g> P OT _i, we find a countable Hilbert space £/ such that 7i C C™ 1 ® and 

= P H {S {m) ®Ig) k \H, fc = l,2,...,m-l. 
Hence, using Lemma f3. 91 and formula (|7.6I) . we get 



;(T) < w(S' (m) <8> J s ) = u.(S' (m) ) = 



cos • 



TO + 1 



Since w{s[ m \ S ( n m> ) = w(T) (see Corollary OJ, we infer that 



-,(ro) 



(7.9) 



W (sr , ,...,sM)< 



cos ■ 



TO + 1 



On the other hand, according to Theorem 13. II we have 



(7.10) 



(S[ m \...,S n m y)<w(S[ m \...,S n m ^) 



UNITARY INVARIANTS IN MULTIVARIABLE OPERATOR THEORY 



63 



Now, define the vector q £ V m ~i by setting 

m— 1 



fc=i 



where the coefficients are those defined by l|7.7|l . Since ||g|| 2 = 1 and (S^ m \,q) — for any 
i = 2, 3, . . . , n, we can use (|7.6H and obtain 

1/2 



P e V m -1, \\p\\ = 1 



1/2 



> 



E|(^ (m) 

V.i=l 



q,q 



o( m ) \ 

S\ J q,q] 



cos • 



771 + 1 



Hence, and using inequalities l|7.9|) and 17.10fl . we deduce l|7.8[) . The proof is complete. 



□ 



We should remark that q is not unique with the above property. Indeed, we can take for example 
q = 6ol + J2T=i & e i ) where i = 2, . . . , n. 

Corollary 7.4. Lei m > 2 and Zei s| m ^ := P-p m _ 1 Sj|'P m _x, i = 1,2,..., n, be the truncated left 
creation operators acting on the set of all polynomials in F^(H n ) of degree < m — 1. TTien 

7T 



(7.11) 



w e (Bi m \...,B!;r>) = w(Br',...,B% 



cos ■ 



m + 1 

Now, we can prove the following multivariablc generalization of Haagerup-de la Harpe inequality. 

Theorem 7.5. Let m > 2 be a nonnegative integer and let T\,...,T n £ B{TL) be such that the 
multi- Toeplitz operator 

(7.12) Yl k®t & +i+ J2 R «®n 

l<|a|<m-l l<|a|<m-l 

is positive. Then, for each 1 < k < m — 1, 

77 



(7.13) 



w(T a : \a\ = k) < cos 



where [x] is the integer part of [x] . 

Proof. According to Theorem l7.ll we have 

Tp = Ph{S { ™ ] <8> Ig)\H, \[3\ < m- 1. 
Therefore, for each 1 < k < m — 1, we have 

(7.14) w{T a : \a\ = k) < w(S { Q m) ® Ig : \a\ = k). 

Let Xi, . . . ,X n k be an arrangement of the operators Sa <8> Ig, where a £ F+ and \a\ = k, in a 
sequence. Notice that Xp = for any (3 £ F+ with 

m — 1 



= q-= 



k 



l. 



Applying again Theorem 17.11 to the row contraction [X\ , . . . , X n k ] , we find a Hilbert space M. such 
that 

Xj = Pv m -^g{Sf ® I M )\V m -i ®Q, j = l,...,n k , 
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where S[ 9 \ . . . , S% are the truncated left creation operators on the full Fock space F 2 (H n k). Hence, 
using Theorem 1 1 . 1 1 and Theorem 17.31 we obtain 

w(Xi, ....X nk )< w(s[ q) ® I M , . . . , S$ ® I M ) 



< cos ■ 



9 + 1 



Hence, and using inequality l|7.14|l . we obtain i|7.13[l . The proof is complete. 



□ 



Corollary 7.6. Let [Ti, . . . ,T n ] be a row contraction such that the multi-Toeplitz operator given by 
(|7.12|) is positive, and let p := ^2 a a e a be a polynomial. Then 

\a\<m—l 



(7.15) 

where the constant K is given by 



w(p(T u ...,T n ))<K\\p\\ 



1/2 



, fe=0 



Proof. Since, according to Proposition ^. 41 

w e (T a : \a\ = k) < w(T a : \a\ = k), 

Theorem 17.51 implies 



(7.16) 



I 2 \ V2 

sup K T «M>| 2 - cos T^TT 

\|«|=fc / L k J 



On the other hand, according to Theorcm ll. li the joint numerical radius is a norm. Applying Cauchy's 
inequality twice and using (|7.16|) . we obtain 



< (p(T u . . . ,T n )) <^to ^ 

k=0 \\a\=k 



m — 1 

E * 



< 



fc=0 
m—1 

E 

fe=0 



sup 
I /ill =1 



a a (T a h, h) 

\ a \=k 

1/2 



1/2- 



m—1 

^ E 

fc=0 



E 

Ja|=fc 

E m 2 

,|a|=fc 



sup [ \(T a h,h)\ 2 

Ja|=fc 



l/i||=l 



1/2 



COS 



1/2 



< 



E m 2 

, |a| <m — 1 



'm-1 

E 

\ fc=0 



1/2 



COS 



where we make the convention that the term corresponding to k = in the latter summation is 1. 
The proof is complete. □ 

Notice that since ||[Ti, . . . , T n )\\ < 2w(Ti, . . . ,T n ), inequality l(7~l3|) implies 

|b(7i,...,T„)|| <2A-||p|| 2 
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for any polynomial p £ V m -i- On the other hand, since 



a(p(T u ...,T n ))c (C«) w(p(Ti _ Tn)) , 

one can use Corollary 17.61 to locate the spectrum of the operator p(Ti, . . . , T n ). 

As consequences of Theorem l7.5l we obtain the following multivariable Haagerup-de la Harpe type 
inequalities. 

Corollary 7.7. Let Ti, . . . , T n S B(H) be such that T a — for any a e F+ . \a\ =m (m > 2). Then 

k/2 



(7.17) 



w(T a : \a\ =k)< 



cos 



for 1 < k < m — 1. If, in addition, [Ti, . . . , T n ] is a row contraction and p := a Q e Q is a 

|a|<m — 1 

polynomial, then inequality l|7.15|l holds. 

Proof. Since [Ti, . . . ,T n ] is a row contraction and T a = for any a € F+, |a| = to, we can use 
Theorem ll.5l to deduce that the operator given by l|7.12|l is positive. Applying Theorem l7.5l the result 
follows. If Ti, . . . ,T n are arbitrary operators, one can use the homogeneity of the joint numerical 
radius (see Theorem II .1(1 to deduce the inequality H7.17JI . □ 

Corollary 7.8. Let Ti, . . . ,T n S B(H) be such that T a — for any a e ¥+ , \a\ = m (m > 2). Then 



(7.18) 

for each 1 < k < m — 1 . 



w e {T a : \a\ =k)< \\{T a : \a\ = fc)|| e cos 



Proof. Since (AiTi + • • • + A„T„) m = for any (Ai, . . . , A„) G B n , we can use Corollary 17.71 in the 
particular case when k = 1 and deduce that 

w(AiTi + • ■ • + A„T„) < ||AiTi + ••• + A n T„|| cos^-. 

TO + 1 

Consequently, taking the supremum over (Ai, . . . , A„) € B„ and using Corollary 12. 31 we obtain 



We (Ti,...,T„) < ||(T 1 ...,T„)|| e cos- 



TO + 1 

Now, let us consider the general case when 1 < k < m — 1. Let li, ... , Y^fc be an arrangement of 
{T Q : |a| = k}. Notice that Yjg = for any f3 € F+, |/3| = [^] + 1. Applying the first part of the 
proof to (Yi, . . . , Y n k), we deduce inequality l|7.18|l . □ 

Now, we present some results concerning the range of the joint numerical range and the euclidean 
operator radius for n-tuples of operators. 

Theorem 7.9. The joint numerical radius and the euclidean operator radius have the following prop- 
erties: 

'1 



■,T n ) 



(7.20) 

and 

(7.21) {«, e (Ti,...,T n ) : || [T lt 

Moreover, range w — range w e — [0, oo). 



T 



2' 



Proof. According to Theorem O if || [T, ■ ■ ■ , T n ]\\ 
i = 1, . . . ,n, and t € [0, 1], define the operator Ti(t) on the Fock space F 2 (H n ) by 



= 1}= - I 

= 1} = 

1, then \ < w(Ti,...,T„) < 1. For each 



Ti(t) a a e a := a e 9l +< ^ a a e gia . 



|a|>l 



GO 
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Note that ||[Ti(t), . . . , T n (t)]|| = 1 for any t S [0,1]. On the other hand, using Theorem I3~4l and 
Theorem l7.3l we have 

w(T 1 (l),...,T n (l))=w(S 1 ,...,S n ) = 1 

and 

w(T 1 (0) 1 ... 1 T n (0))=w(S[ 2 \...,SP) = ± 

Since the joint numerical radius is norm continuous (see Theorem 11.11) . we deduce relation l|7.2()|l . 
Now, one can easily show that || [Xi (t) , . . . ,T n (i)]|| e = 1 for any t 6 [0, 1]. As above, using Theorem 
13.41 Theorem 17.31 and the norm continuity of w e (see Theorem 12.211 we complete the proof. □ 

For each to > 2, define 

N m ~{(Ti,...,T n )eB(H) M : ||[Ii,...,r B ]|| = l, and7> = 0, \/3\ = m} 

and 

K> := {(Ti, . . . ,T n ) e B{H) {n) : \\[T U . . . ,T n ]\\ e = 1, and Tp = 0, \/3\ = m] 
Theorem 7.10. Ifm>2, then 

range w\M m = range w e \Af^ 



1 7T 

- , cos ■ 



2 ' m + 1 

Proo/. According to Theorem Ol and Corollary O if HPi, • . . , T n ]\\ = 1 and Tp = for any /3 S F+ 
with |/3| = to, then 

i< W (T 1 ,...,T n )<cos^-. 
2 to + 1 

Similarly if || [Ti, . . . , T n ] \\ e = 1 and 7^ = for any /3 G F+ with \/3\ = to, then, according to Theorem 

12.21 and Corollarv l7.8l we have 

7: < w e {T\, ... , T n ) < cos — --T- 
2 to + 1 

For each i = 1, . . . , n and t £ [0, 1], define the operator T^ m \t) on V m -i by 

T j (m) ( i ) X! a a e a \ -=aoe gz +t ^2 a a e gia . 

\Ja|<m-l J l<|ct|<m-2 

Straightforward computations reveal that 

\\[T[ m \t), . . .,T<r\t)]\\ = \\M m \t), . . .,TM(t)]|| e = 1 
for any t £ [0, 1]. On the other hand, using Theorem l7.3l we have 

W {T<r\i), . . .,T<r\i)) = We {T<r\i), . . ,tH(i)) 
= w(s[ m \...,sir ] ) 

IT 

= cos ■ 



TO + 1 

and 

w(Tt l) (0), • . .,Tjr\0)) = w e (Tt l) (0), . . ,Jl m '(0)) 
= W (S?\...,SW)= 1 - 

Since the joint numerical radius and the euclidean numerical radius are norm continuous (see Theorem 
II. II and Theorem 12. 2f> . we can complete the proof. □ 

Another multivariable generalization of Haagerup-de la Harpe inequality is the following. 
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Theorem 7.11. Let m > 2 and T 1: . . . ,T n € B(H) be such that 

(7.22) ^ a T*+I+ A « T «>° 

\a\<m— 1 \a\<m— 1 

for any (Ai, . . . , A n ) £ B n . TTien the euclidean radius satisfies the inequality 

(7.23) to e (Ti,...,r„)<cos- 
Moreover, if 1 < k < m — 1, i/ien 



m + 1 



(7.24) 



sup 

|h|=i 



E 

|a|=fe 



\U 2 da(0 )\(T a h,h)\ 2 



1/2 



< COS 



Proof. Let e M, (£i, . . . , £„) € B„, and denote Xj := e i6 ^j, j = 1, . . . , n. Note that condition (|7.22|) 
is equivalent to 

m— 1 m— 1 



fc=i 



fe=i 



for any 9 € K and . . . , £ n ) € M n . The latter inequality is equivalent to 



J2 s* k ® (Ci^r + • • ■ + c„t„*) + / + ^ s fe ® (CiTi + • ■ ■ + ^T„) fc > o, 

k=l fc=l 

where S is the unilateral shift on the Hardy space H 2 . Using Theorem 17.51 (in the particular case 
n = k = 1) in our setting, we obtain 

7T 



WeC&Ti + ■ • • + £„T„) - wfaTx + ■■■+ £ n T n ) < COS ■ 



TO + 1 

Taking the supremum over .. . ,£„) € B„ and using Corollary 12.31 we obtain inequality l|7.23[) . 
Similarly, using Theorem 17. 51 we deduce that 

(7.25) u,((ZiTi + --- + Z n T n ) k ) < C0ST — £j 



On the othc hand, we have 



sup w((£iTi 

(£i,...,S„)£B n 



£n r n) fc ) > SUp SUp 

(«i,-,Sn)eB n |^||=i 



sup 

||h||=i 



> sup 

llftll=l 



sup 

IIMI=i 



sup 

(fi,-,£»)ei 



E 

| Q |=fc,|/3|=fe 



^ £a (Tah, h) 
\a\=k 



|<*|=fc,|/3|=fc 

1/2 



1/2 



£a£/3 (^a/l, ft-) (Tph, h) 



E 

|a|=fc 



|£ Q | 2 da(0 \\{T a h,h)Y 



1/2 



Hence, and using inequality Ij7.25|l . we deduce l|7.24|l . The proof is complete. 



□ 



Let us point out two particular cases of Theorem 17. Ill If n = 1, we get a result of Badea-Cassier 
(see If n = 2 and T{T 2 = T 2 T X , then 



, (if , T%, T X T 2 ) < V3 cos ^ 



+ 2' 
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We need to recall from [7] the following epsilonized version of Fejer inequality, which is a consequence 
of a result of Boas and Kac (JJ) as generalized by Janssen f|34p. 

If fie ) = J2kez c k eike is positive such that J^kez l c fel < 00 with cq=1 and Ck < e for any fc > to, 
then 



I cx i < cos 



m + 1 



7TC0S 



1/3 



771+1 



2/3 



2(m+ 1)_ 

We denote by K (e, m) the right side of this inequality. 

Theorem 7.12. Lei m > 2 be a positive integer and let \T\, . . . , T n ] oe a rot/; contraction such that 



E T « T « 

|a|— m 



1/2 



< e and 



fe=0 



£ w 

|a|=fc 



1/2 



Then the joint numerical radius satisfies the inequality 



w(T a : \a\ — k) < cos 



2([=^]+2) 



< OO. 



1/3 



2/3 



Proof. Since [e l6 Ti, . . . ,e te T n ] is a row contraction for any 6* G R, Theorem 11.51 implies that the 
operator 



E E rk e~ lk6 K ®T fi + 7 + E E ^e^ik <8> TJ 

fc=l |a|=fc fe=l |a|=ft 

is positive for any < r < 1 and 8 G R, where the convergence is in the operator norm. Hence, we 
deduce that 



fc=i 



E T « T « 

\a\=k 



1/2 



(7.26) E r k e- lke X* k + I + E r V fce X fe > 0, 

fc=i 

where X := YT i= i R l ®T*. Since 

OO OO 

£ 11**11 = E 
fe=i fc=i 

and taking r — ► 1 in 17.26[) . we obtain 

00 00 

E e- lk6 U* k y, y) + i + E elfce ^> * 



< 00 



fc=i fe=l 



for any 9 G R and y G F 2 (H n ) ® 7Y. Fix y G F 2 (H n ) ® with ||y|| = 1 and denote 

c fe := (X k y,y) and c_ fe := ^X* k y,y^ 
for any = 0, 1, . . .. Notice that X^feez l c &l < 00 and, for any q > to, we have 



c ? = |<X*y,y)|< 



< 



E T « T « 

|a|— m 



E T <* T « 

\a\=q 
1/2 



1/2 



E w 

I ct I — q— m 



1/2 



< e. 



Applying the result preceeding this theorem, we obtain 

I <*!/,!/> I = \ci\<K(e,m) 



UNITARY INVARIANTS IN MULTIVARIABLE OPERATOR THEORY 



09 



for any y S F 2 (H n ) ® W with \\y\\ = 1. Using now Corollarv ll.2l and the unitary invariance of the 
joint numerical radius, we obtain inequality 

-| 1/3 / \ 2/3 

to (Ti, . . . ,T„) < cos 



771+1 



7T COS 



2(m+ 1) 



m + 1 



which proves the inequality of the theorem, when k = 1. Now, let us consider the general case when 
1 < k < m— 1. Let Yj., . . . , Y„fc be an arrangement of {T a : \a\ = k}. Notice that if q :== f 12 ^— ] + 1, 
then 



E w 

101=8 



1/2 



< e and 



fc=0 



E W 

|/3|=fc 



1/2 



< 00. 



Applying the first part of the proof to (Yi, . . . , Y n k), we complete the proof of the theorem. 

The proof of the next result is similar to that of Corollarv l7.6l We shall omit it. 
Corollary 7.13. Under the conditions of Theorem \7.1ty the following inequalities hold: 



i T n )\\ < w(p(Ti, . . . , T n )) < \\p\\ 2 [J2 k2 



\k=0 



m — 1 



1/2 



for any polynomial p := Y,\ a \< m -i 8 « e «- 



□ 



8. MULTIVARIABLE FEJER INEQUALITIES 

Haagerup and de la Harpe proved ([211) that their inequality is equivalent to Fejer's inequality for 

m— 1 

positive trigonometric polynomials a ke lks , namely 

k— — m+1 

7T 

\ai\ < ao cos . 

m+1 

In what follows we prove multivariable analogues of classical inequalities (Fejer [23], Egervary-Szazs 
|23p for the coefficients of positive trigonometric polynomials, and of recent extensions to positive 
rational functions, obtained by Badea and Cassier 0. 

The main result of this section is the following 

Theorem 8.1. Let m > 2 be a nonnegative integer and let {-^■(a)}| Q |< rre _ 1 ) ^ e a sequence of operators 
in B{TL) such that the multi-Toeplitz operator 

(8.1) E R *«® A C«) +/0 A ° + E R o^^U 

l<|a|<m-l l<|a|<m-l 

is positive. Then, for each 1 < k < m — 1, 

(8.2) w e (A {a y. \a\ = k) < w(A (a) : \a\ = k) < \\A \\ cos f | ^, 
where [x] is the integer part of [x] . 

Proof. Let i* 1 denote the multi-Toeplitz operator defined by (|8.1|l and assume that F > and F^O. 
According to the Fejer type factorization theorem for multi-Toeplitz polynomials 0§| > there exists a 
multi-analytic operator G :— J2\ a \<m-i Ra ® ^(«) sucn ^ nat ^ = G*^- Hence, we have 

(8.3) F = Yl KRf3®Cl a) C [p) . 

\a\,\p\<m-l 
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This implies A Q = Yl\ a \<m-l ^(a)^(°0 — 0- Assume for the moment that A — I. Given 7 G F+ such 
that I7I < m — 1, relation (|8.3|) implies 

(8.4) A h) = C (a) C W' 

|a|<m— I7I — 1 

Define the operator V : H — > V m -\ ® "H be setting 

|a|<m— 1 

Since Aq = /, we have 

\\vh\\ 2 = E liq^f H4>M> = IWI 2 . 

|a| <m — 1 

so V is an isometry. On the other hand, we have 

'vh,(I®RW)Vk) = / CfahQep, J2 C U k ® e <*y 

\\f3\<m-l |a|<m-7-l / 

= E (C(a 7 )^,C(a)) 

|a| <m— 17| — 1 

= (/*,%>) 

for any /i.fc 6 7i. Therefore, 

A { ^=V*{I®R^)V 

for any 7 6 F+ such that I7I < m — 1. Since i?£ m ' = for any \a\ = m, we can apply Corollary 17.71 
and deduce that, for each 1 < ft < m — 1, 

iw(A (7) : | 7 | =k) <w{V*{I®R { ™ ] )V : \y\ = k) 

< w(I ® i^ m) : | 7 | = ft) 

< W (i? 7 m ) : | 7 | = ft) 

7T 

< COS 7 ^ . 

- h-I]+2 

Now let us consider the case when A > but A 7^ J. Let e > and define the multi-Toeplitz 
operator 

F e := VJ R* a ® C (a) + / ® C + i? Q (g)C ( * Q) , 

l<|a|<m-l l<|a|<m-l 

where 

(8.5) C (q) := {Ao + eiy'^A^iAo + el)- 1 ? 2 if 1 < |a| < m - 1, 
and Co = /. Since > 0, we can apply the first part of the proof and obtain 

(8.6) w(C {a) : \a\ = k) < cos ^ m _^ | - . 

Now, using Theorem 1 1.1 1 part (v) and relation 18. 511 . we obtain 

w(A {a) : \a\=k) =w(X*C( a) X t : \a\ = ft) 

< ||X e || 2 W (C (Q) : \a\=k), 

where X e := Aq + el. Consequently, using inequality (|8.6|) and taking e — » 0, we obtain the second 
inequality in (|8.2(l . The first inequality of (|8.2|l is a consequence of Proposition 12.41 This completes 
the proof of the theorem. □ 

In the particular case when n = 1, we obtain the following operatorial version of the Fejer and 
Egervary-Szazs inequalities. 
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Corollary 8.2. Let m > 2 be a nonnegative integer and let {A^Yk = \ be a sequence of operators in 
B(Ti.) such that the operator 

]T e- ik6 A% + Ao+ Yl e<fc ^* 

l<fc<m-l l<fc<m-l 

is positive for any e l8 € T. Then, for each 1 < k < m — 1, 
(8.7) «;(A fc ) < ||A || cos 



[^i]+2" 

Let F n be the free group with generators g\,...,g n , and let £ 2 (¥ n ) the Hilbert space defined by 

£ 2 {¥ n ) := {/ : F„ - C : £ l/^l 2 < oo}. 

The canonical basis of ^ 2 (F„) is {Co-jo-eF^, where £ CT (t) = 1 if t = <r and £ ff (t) = otherwise. For each 
i = 1, . . . , n, let Ui £ B(£ 2 (¥ n )) be the unitary operator defined by 

Ui ( 53 a CT £ CT J := 53 <v£ 5iCT , ( 53 lacr | 2 < oo j . 

The reduced group C*-algebra C* ed (F„) is the C*-algebra generated by U\, . . . , U n . The full group 
C*-algebra C*(F„) is generated by an n-tuplc of universal unitaries Ui, . . . ,U n . 

Theorem 8.3. Let 

f(Xi, . . . ,X n ) := 53 a a X^ + a L+ 53 a Q ^a, 

l<\a\<m-l l<|a|<m-l 

where a a S C and Xi, . . . , X„ are bounded linear operators on a Hilbert space. Lf /(Si, . . . , S„) (Vesp. 
f(Ui, . . . ,U„), /(Ui, . . . ,U n )) is a positive element in C*(Si, . . . , S n ) (resp. C* ed (F„), C*(F„)j. 




E 

Ja|=fc 

/or each 1 < < m — 1, where [x] is the integer part of x. 

Proof. If /(Si, . . . ,S n ) > 0, then the result is a particular case of Theorem 18. II To prove the second 
part of the theorem, notice that the Hilbert space ^ 2 (F+) can be seen as a subspace of £ 2 (¥ n ) and 
the full Fock space F 2 {H n ) can be naturally identified to ^ 2 (F+). Under this identification, we have 
Ui\p2f H s = Si, i = 1, . . . , n, where Si, . . . , S„ are the left creation operators. Consequently, we have 

/(Si, ...,S n ) = P £2(F +)/(C/i, ■ • ■ , U n )\£ 2 (¥+). 

Therefore, if f(Ui, . . . , U n ) > 0, then /(Si, . . . , S n ) > and the result follows from the first part of 
the proof. Now assume that /(Ui, . . . , U n ) > 0. Due to the universal property of Ui, . . . , U n , there 
is a ^-representation 7r of C* (Ui, . . . , U n ) onto C* (Ui, . . . , U n ) such that 7r(Uj) = U, i = 1, . . . , n. 
Therefore, f(U%, . . . , U n ) = 7r(/(Ui, . . . , U n )) > 0. Using again the first part of the proof, the result 
follows. □ 

We remark that, in a similar manner, one can use Theorem l8.1l to obtain an operator- valued version 
of Theorem IO for the tensor products C* cd (F n ) <g> B{H) and C*(F„) ® B(H). 

The next result is a multivariable generalization of a recent result obtained by Badea and Cassier 
(see Theorem 6.3 of [7]). Since the proof is similar to the proof of Theorem 17. II we shall omit it. 

Theorem 8.4. Let m > 2 be a positive integer and let {^-(a)} Q(EF + be a sequence of operators in 
B{TL) such that the multi-Toeplitz operator 

53 K®A (a) +L®L+ 53 R a ®A\ a) 

l<M<m-l l<|a|<m-l 
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is positive. Then there is a Hilbert space Q such that TL can be identified with a subspace ofV m -i ® Q 
and 

A {a) = P n {S ( a m) ® Ig)\H for any \a\ < m - 1, 

w/iere := Pp m - 1 Si\V m -i, i = l,...,n. 

Moreover, if in addition, A( Q ) = Am) whenever X a — \p for any (Ai, . . . , A n ) S B„ ; £/ien 

4(«0 = P-H(Bi" l) (8 J<;)|W /or any |a| < m - 1, 
where Bf' :— Pp^_ i S i \'P m _ 1 , i = 1, ...,n. 

Finnaly, we mention that Theorem 18.41 and Theorem 17.31 can be used to provide another proof of 
Theorem IO 
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